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Introduction 



Quantum field theory, i.e. quantum mechanics with the basic observables 
hving at spacetime points, is the principle underlying our current understanding 
of natural phenomena. The incredibly successful Standard Model explains all 
the forces of nature, except gravity, in terms of local symmetry principles. 

At the energies we are currently able to test, gravity is well described by gen- 
eral relativity. However, it is expected that at energies of the order of the Planck 
mass Mp ^ 10^^ GeV, a quantum description of gravity will be necessary. The 
union of gravity with quantum field theory leads to a nonrenormalizable the- 
ory. History of physics suggests that this should be interpreted as a sign that 
new physics will appear at higher energies, comparing for instance to the Fermi 
theory case. 

A natural way to modify quantum mechanics to describe a "quantum space- 
time" is to generalize Heisenberg commutation relations to let the space coordi- 
nates be noncommuting. In a field theory setting, in principle one could include 
time in noncommutativity and consider a quantum spacetime where 

This can be realized in a functional formulation by deforming the algebra 
of functions on spacetime, replacing the ordinary, commutative product with 
a noncommutative one that, when applied to coordinates themselves, gives 
— * x'' — x'^ * x'^ = iO'^" . The simplest case, with a constant 
6'^'^ , is related to spacetime translation invariance. The corresponding (Moyal) 
product can be uniquely identified by requiring that the deformed algebra of 
functions remains associative. 

When a field theory is deformed by replacing ordinary products with Moyal 
products in the action, vertices in the Feynman rules are multiplied by a phase 
factor with a dependence on the momenta, that generically acts as a regulator. 
For this reason, spacetime noncommutativity was first introduced with the hope 
that it might reduce the degree of divergence of a given theory p^. However, 
since the contributions from a certain diagram also include the case where the 
phase factor does not depend on loop momenta, but only on external momenta, 
this does not work 

At the moment, we only know one way to consistently cut off the divergences 
appearing in a quantum field theory of gravity. This is string theory [HlEl) where 
pointlike interactions are replaced by splitting and joining of one-dimensional 
objects, so that the interaction itself does not happen at a certain point in 
spacetime but is described by a smooth two-dimensional surface. 

String theory provides a consistent quantum theory of gravity. The number 
of spacetime dimensions is fixed to ten, the theory is consistent only in the 
presence of supersymmetry, relating bosonic and fermionic degrees of freedom, 
and leads to gauge groups that include the Standard Model one. String theories 
are unique in the sense that there are no free parameters and no freedom in 
choosing gauge groups. There is more than one possible string theory (actually 
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five), but they happen to be aU related to each other by duahties. Therefore, 
a unique underlying theory is expected to exist, from which the various string 
theories can be obtained as limits in a certain space of parameters. 

It is striking that the somehow natural proposal for a quantum spacetime 
where Heseinberg commutation relations are generalized to include a nontriv- 
ial coordinate algebra can be obtained from string theory. The first works in 
this direction showed that noncommutative tori are solutions to the problem of 
compactifying M(atrix) theory 5 . Noncommutative field theories were shown 
to emerge as low energy limits of open string dynamics in the presence of a con- 
stant Neveu-Schwarz Neveu-Schwarz (NS-NS) background and D-branes (i.e. 
p-dimensional manifolds where open string ends are attached) [HIE]. Since the 
background selects preferred directions in spacetime, the resulting effective the- 
ory breaks Lorentz invariance !51. Therefore, noncommutative field theory must 
not be thought of as a fundamental theory, but as an effective description to be 
used when certain backgrounds are present. 

The discovery that noncommutative geometry is somehow embedded in 
string theory induced a growing interest in the field. Various aspects of noncom- 
mutative field theory, such as renormalization properties |H1 EI i solitons (see 
for instance the lectures [1111121 IT^ l and instantons have been investigated. 
Furthermore, it was shown that when time is involved in noncommutativity the 
resulting field theories display awkward features, such as acausality jj^l a-nd 
nonunitarity |16| . that spoil the consistency of the theory. However, it was also 
shown that these ill-defined noncommutative field theories cannot be obtained 
as a low energy limit of string theory jl(i| . String corrections conspire to cancel 
out the inconsistencies [151 117j . 

Applications that are not directly related to string theory have been con- 
sidered, for instance a model to describe the quantum Hall effect was proposed 
in |18| . based on noncommutative Chern-Simons theory. Moreover, a mech- 
anism to drive infiation without an inflaton field was studied in |19j . based 
on noncommutativity of spacetime. Particle physics phenomenology based on 
a noncommutative version of the Standard Model has been studied ^01 and 
possible experimental tests have been proposed [23 • In these applications also 
noncommutative deformations that have not yet been shown to arise from string 
theory have been considered |22| . A natural question would be at which energy 
one expects to observe effects of noncommutativity. If one considers this as an 
effective description in the presence of a background, the energy is related to 
the background scale, and therefore cannot be determined a priori. 

As I said, string theory is consistent only in the presence of supersymmetry. 
Supersymmetric theories are better described in superspace formalism |23l 1241 
I25| . where spacetime is enlarged by adding fermionic coordinates. Superspace 
geometry is not fiat, torsion is present. Since noncommutative geometry arises 
in a string theory context and strings require supersymmetry, it is compelling to 
study the possible deformations of supersymmetric theories. The natural way to 
do that is to investigate the possible consistent deformations of superspace. This 
I did in my first paper in collaboration with D. Klemm and S. Penati. We 
found that consistent deformations of superspace are possible in both Minkowski 
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and Euclidean signatures in four dimensions. In the Euclidean case more general 
structures are allowed because of the different spinor reality conditions. 

After the appearance of my paper j2(j| . deformed superspaces were found to 
emerge in superstring theory |27l 1281 1^ . However, to see this effect, a par- 
ticular formulation of superstring theory has to be considered, where all the 
symmetries of the theory are manifest. This superPoincare covariant formu- 
lation, found in 2000 by Berkovits PHj, is still "work in progress". However, 
it has already proven to be superior in handling certain string backgrounds 
(Ramond-Ramond), that lead to the superspace deformations I found, and to 
prove general theorems regarding string amplitudes, like for instance a theorem 
stating the "finiteness" of perturbative string theory |3T]. I've been studying 
this formalism for the superstring and contributed, in |32j . written together 
with P.A. Grassi, by giving an iterative procedure to simplify the computation 
of superstring vertex operators, that are the main ingredient for the evaluation 
of superstring amplitudes. Some applications of our analysis are also discussed 
in the paper. For instance, the vertices associated to a R-R field stength with a 
linear dependence on the bosonic coordinates have been computed. These play 
a role in the study of superspace deformation with a Lie-algebraic structure such 
that bosonic coordinates of superspace are obtained as the anticommutator of 
the fermionic ones. This can be interpreted by saying that spacetime has a 
fermionic substructure |33j . 

Going back to noncommutative field theory, a puzzling aspect is that the 
noncommutative generalization of a given ordinary theory is not unique. A 
selection principle can be based on trying to preserve the nice properties of a 
model in its noncommutative deformation. The symmetry structure of a theory 
is its most important characteristic and actually defines the theory when the 
field content is given. Therefore, preserving the symmetry structure of a theory 
should be the first criterium to consider when constructing its deformation. This 
is also the guiding principle we used in studying deformations of supersymmetric 
theories in 

A very special case is given by systems endowed with an infinite number of 
local conserved charges. These systems, known as integrable by analogy to the 
case with a finite number of degrees of freedom, display very special features. 
The presence of such a strong symmetry structure underlying the system puts 
constraints on the dynamics, for instance causing the S- matrix to be factorized 
and preventing particle production processes to occur. Moreover, integrable 
systems usually display localized classical solutions, known as solitons, that do 
not change shape or velocity after collisions. Therefore, when constructing the 
noncommutative generalization of an integrable system, one would like to pre- 
serve both the symmetry structure underlying the system and the consequences 
that this has in ordinary geometry. The two-dimensional case is particularly 
problematic in noncommutative field theory, because time must be necessar- 
ily involved in noncommutativity and thus it is expected that acausality and 
nonunitarity will spoil the consistency of the theory. One may hope that inte- 
grability can cure these inconsistencies. 

I studied the problem of constructing the generalization of two-dimensional 
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integrable systems by focusing on a very special example, the sine-Gordon the- 
ory, describing the dynamics of a scalar field governed by an oscillating potential. 
Integrability is a property of the equations of motion and in most cases an ac- 
tion generating them is not known. The sine-Gordon model is one of the cases 
where an action is also known. Therefore it is possible to move on to a quantum 
description of the model. 

The project about the noncommutative sine-Gordon was started by M.T. 
Grisaru and S. Penati in |H4j . where they constructed a noncommutative version 
of the sine-Gordon system by making use of a bidifferential calculus approach, so 
that it was guaranteed that the system possessed an infinite number of conserved 
currents. In the resulting noncommutative model the dynamics of a single, 
scalar field is described by two equations. The second equations has the form 
of a conservation law and becomes trivial in the noncommutative limit. This 
pattern is somehow unavoidable, since it is related to the necessary extension 
of 5/7(2) to U{2) in noncommutative geometry |35| . 

Because of the unusual structure of the equations, in |34| an action for the 
model was not found. This was the first goal of my paper |86| . written in 
collaboration with M.T. Grisaru, L. Mazzanti and S. Penati. There we found 
an action for the model and studied its tree-level scattering amplitudes. We 
discovered that they are plagued by acausality and that particle production 
occurs. Therefore this model had to be discarded and a different one had to be 
constructed. 

In in collaboration with O. Lechtenfeld, L. Mazzanti, S. Penati and 
A.D. Popov, we proposed another model obtained by a two-step reduction from 
selfdual Yang-Mills theory, that proved to possess a well-defined, causal and 
factorized S-matrix. Moreover, soliton solutions of this model were constructed. 

The two different noncommutative versions of the sine-Gordon model I stud- 
ied differ in the generalization of the oscillating interaction term. They can both 
be obtained by dimensional reduction from noncommutative selfdual Yang-Mills 
equations, with a different parametrization of the gauge group. The second 
model is obtained by reducing U{2) to its U{1) x U{1) subgroup, which seems 
the most natural choice and indeed leads to a successful integrable theory. 

This thesis contains four chapters. In the first one, I will give an introduction 
to Moyal deformation of bosonic spacetime. I will review the main results in 
noncommutative field theory and in particular I will discuss the problems aris- 
ing when time is involved in noncommutativity. I will summarize Kontsevich 
results about coordinate-dependent noncommutativity. I will then move on to 
supersymmetric theories, discuss the results I obtained in concerning super- 
space non(anti)commutative deformations in four dimensions and their relation 
with following works. In the rest of the chapter I will review the string the- 
ory results concerning the low energy description of D-brane dynamics in terms 
of non(anti)commutative field theory. In particular I will consider the bosonic, 
RNS, GS and N = 2 strings in the presence of constant NS-NS backgrounds, the 
covariant superstring compactified on a Calabi-Yau three-fold in the presence of 
a R-R selfdual field strength and the generalization to the uncompactified case. 
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Finally, I will discuss the generalization to nonconstant NS-NS backgrounds, 
leading to Kontscvich deformations, and I will speculate about a possible simi- 
lar analysis of nonconstant R-R backgrounds. 

In the second chapter, I will first give an introduction to selected topics con- 
cerning two-dimensional integrable systems, such as their derivation from zero 
curvature conditions for a bidifferential calculus, the possibility of obtaining 
them as dimensional reductions from selfdual Yang-Mills equations, the factor- 
ization of the S- matrix and the presence of solitons solutions. I will only consider 
the sine-Gordon model as an example. Then I will introduce the first attempt 
to construct an integrable noncommutative version of the sine-Gordon model. 
I will report my results in 36 , concerning the construction of an action for the 
model and the computation of tree-level scattering amplitudes, that proved to 
be nonfactorized and acausal. Finally, I will discuss the results I obtained in 
l^?! , regarding the construction of a different noncommutative generalization of 
the sine-Gordon model that proved to possess all the nice properties one expects 
from a two-dimensional integrable theory, such as factorization of the S-matrix. 

In the third chapter, I will first review the pure spinor approach to super- 
string theory. In particular, I will focus on the construction of open and closed 
superstring vertex operators in this formalism. I will then present the results 
I obtained in 1321 . where I constructed an iterative procedure to compute the 
vertices. I will then discuss an application of this analysis, concerning the com- 
putation of the vertex operators for nonconstant R-R field strengths, that are 
expected to be related to coordinate-dependent superspace deformations. In 
particular, I will show how to compute vertices for a R-R field strength that is 
linear in the bosonic spacetime coordinates and is expected to be associated to 
a Lie algebraic superspace deformation providing a fermionic substructure for 
bosonic coordinates. 

In the fourth chapter I will summarize my results and discuss open problems 
and possible applications. 
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Chapter 1 

An introduction to 
non ( ant i ) commut at i ve 
geometry and superstring 
theory 



1.1 A brief introduction to noncommutative and 
non(anti)commutative field theory 

1.1.1 The Moyal product 
Weyl transform definition 

Noncommutative geometry deals with manifolds whose coordinates do not com- 
mute. This kind of manifold appeared in physics much before noncommutative 
geometry itself was born as a branch of mathematics A well-known ex- 

ample is quantum phase space. This is a manifold described by 2n operator 
coordinates Xi,...,Xn,Pi,...,Pn, satisfying nontrivial commutation relations 



Xi,Pj = ihSij 

17 J 







(1.1) 



It is expected that the geometric nature of spacetime will be modified at very 
short distances. The physical idea underlying modern noncommutative geome- 
try is that a quantum spacetime will be uncovered then, where the usual trivial 
commutation relations among coordinates are no longer valid and noncommu- 
tativity emerges as 

Xt'^X"] = i9^"' (x] (1.2) 
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with 9^'^ = —6'"^. In the limit 9^^'^ ordinary commutative geometry must 
be recovered. Coordinate algebra (|1.2I) gives rise to the spacetime uncertainty 
relations 

AX^'AX'' > i|6"^'^| (1.3) 

In the possibility is left open that time may be involved in noncommuta- 
tivity. In this case H1.2|) would not be simply a generalization of the quantum 
mechanical commutation relations Hl.l|l and it is somehow expected that it may 
clash with quantum mechanics. For a while I will not worry about this, I will 
reconsider the case of noncommuting time later on. 

The connection between noncommutative geometry and quantum mechanics 
is easily seen when the latter is discussed in the Weyl formalism. In this formal- 
ism an explicit map between functions f(x,p) of the phase space variables x, p 
and corresponding operators Of(X, P) is constructed, where X, P are noncom- 
muting operators corresponding to classical variables x, p. 
I will briefly discuss this formalism, in the case of two variables x^ , x'^ , with 
corresponding operators satisfying X^,X'^ = 9^^ with constant 9. After this 
discussion the natural embedding of noncommutative geometry in quantum me- 
chanics will be clear to the reader il3j . 

On "phase space" described by coordinates xi , X2 let us consider a function 
f{x^,x'^). Given its Fourier transform 

/>i,a2) = j (fx e'("i-^W) /(^i,a;2) (1.4) 
we can define an operator Of{X'^,X'^) as follows 

df{X\X^) = ^ j d?a C/(ai, a2)/(ai, a2) (1.5) 

where 

;7(ai,a2) =e-'("i^'+"^^') (1.6) 
Making use of Baker-Campbell-Hausdorff formula [HHI we find 

C/(ai, a2)C/(/3i, /?2) = e-*("i''^-"=^i)''";7(ai + /3i, ^2 + /?2) (1.7) 

The map / — > Of defines the Weyl-Moyal correspondence between functions 
on phase space and operators. 

Now we would like to determine which function corresponds to the opera- 
tor OfOg. We know that in general O/Og ^ OgOf, so we expect some non- 
commutative deformation of the ordinary product to arise by the Weyl-Moyal 
correspondence. 

OfOg ^jl-^j<fa (Pp i7(ai,a2)t/(/3i,/32)/(ai,a2).9(/3i,/32) = 

= /^'" t^(ai+/3i,a2+/32)e-^("i/3-""^/30e^^/(a^,c.2)5(/?i,/32) 
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(1.8) 

By making the change of variables 'ji = ai + Pi, Si — ^{ai ~ f3i), ^2 — 0:2 + P2, 
S2 — 5(0^2 —02) we obtain 

Let us define Moyal product between two functions / and g in i?^" as 

if*g)ix)^ei'"^^^'^f{x)g{x')U=., (1.10) 

In our simple two-dimensional case it becomes 

(/ * g){x) = e5«"(^^^^-9^9;)/(^)g(^')|^^^, (1.11) 

In momentum space we can obtain the following formula for the Fourier trans- 
form of / * 5 

7^5(71,72)= d^^e^«^^(-^^--^^)/(|-H5i,|-H52)5(f -^i,|-<52) 

(1.12) 

From this and (|1.9|l it is clear that 

OfO, - ^ j d^j f7(7i, 72)7^(71, 72) = Of.g (1.13) 

So Moyal product p.lO|l naturally emerges in the context of quantum mechanics, 
when the latter is expressed in the Weyl-Moyal formalism. It is the functional 
product corresponding to operator product between quantum observables. Ap- 
plying H1.10|l to the special case f = x'^, g = x^ ,we obtain the coordinate algebra 

* x^ - x^ *x' = [x\ x^]^ = ie'^ (1.14) 

Therefore the quantum commutation relations we began with are reproduced in 
the functional formalism as * commutators. 

Translation covariance and associativity as a definition 

Moyal product (|1.10() can also be obtained from a general discussion concerning 
the algebraic requirement of associativity and the geometric requirement of co- 
variance with respect to translations. These two properties uniquely determine 
Moyal product. Before I discuss this, I will introduce the general ideas con- 
cerning a field called deformation quantization and its connections with modern 
noncommutative geometry. 

Ordinary geometry is based on the concept of point. This is not true anymore 
for noncommutative geometry, since a noncommutative manifold is completely 
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defined in terms of the properties of the algebra of functions on it 001 ■ In 
ordinary geometry many sets of points can be completely described when the 
algebra A of functions on them with values in R or C is known. A finite 
dimensional vector space y is a familiar example of this, since the space of 
functions / : V — > R (or C) is the dual space V* , which is isomorphic to V. 
In this case studying the algebra of functions on the manifold or the manifold 
itself is the same thing. 

We can consider the more general case of a C* algebra A, i.e. an algebra 
endowed with a norm and an involution. Every C* algebra is isomorphic to the 
algebra A' of complex continuos functions on a certain compact space V. When 
A' is commutative we can go back to the space V, that can be described as a 
set of points in ordinary geometry. When A' is noncommutative, instead, going 
back to the space V can be very complicated and in some cases impossible. 
However, this is irrelevant for the purpose of studying a physical theory, since 
all the needed information are encoded in A' . 

A recipe to obtain a theory on noncommutative space from a given one on 
ordinary space is the following. Consider the algebra of functions with values in 
R (or C), deform its product to a new, noncommutative one, that I will call *, 
defined in terms of a parameter h. In the limit h one must recover ordinary, 
commutative case. Now rewrite the old theory replacing all ordinary products 
with * products, and think of the new theory as a deformation of the ordinary 
one, defined on noncommutative space. This I will call the natural deformation 
of a theory. It is not the only possible definition of a noncommutative gener- 
alization of an ordinary theory and I will discuss this point in more detail in 
section 1.1.3. 

Given two functions f,g,l will denote their ordinary, commutative product 
as fg. I will deform it in the following way 

f*g = fg + hP{f,g) + 0{h^) (1.15) 

where P(f,g) is a bilinear operator in the two functions /, g and h is the 
parameter governing noncommutativity. The example of quantum phase space 
discussed before suggests a good candidate for the bilinear operator P. When 
the manifold we are considering is endowed with a Poisson structure { , }p, 
we will choose 

Pif,9) = {f,9}p = P"" dl fix) .g(a;')U=.' = f^^ P^" ~d ,g (1.16) 

(The last equality is just to present a different notation. It will be preferred 
since it is more suitable to superspace extension, where the presence of fermionic 
indices makes different orderings inequivalent). 

In the 70 's the deformation of Poisson manifolds was studied in a completely 
different context. In the paper by Bayen et al. 01] a different approach to 
quantization was proposed. Quantization had to be understood as a deformation 
of the algebraic structure of functions and not as a radical change in the nature 
of physical observables. Moyal product * was then introduced with the goal of 
reinterpreting quantum mechanics in the context of algebraic deformations. In 
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particular, in 0J| an analysis of the possible noncommutative but associative 
products that can be obtained as a perturbative series in the parameter h was 
performed. The results obtained there are very interesting when they are reread 
in the light of the new ideas of noncommutative geometry. 

Consider a manifold Q endowed with a Poisson structure P, where a set of 
derivatives is defined such that V^P = 0. We will also assume that this set 
of derivatives is torsion free and without curvature. We define a generic product 
* on f2 by the smooth function 

CO / r\ 

with ao = fli = 1, as 

oo 

= E 77 ^"^(/'S) (1-18) 

r=0 

where 

= P""'"' P'^""'- V^,...V,,, / V,,...V,,_ g (1.19) 

One can show that the exponential function is the only possible choice for u 
leading to an associative product, i. e. satisfying 

if*g)*h^f*{g*h) (1.20) 

To show this one imposes (|1.20ll . writing every * product explicitly as in (|1.18l 
I1.19|) . Order by order in h one gets constraints on the coefficients a^. The proof 
makes a strong use of the assumptions on the derivative V, since one needs to 
exchange derivatives and to pass the Poisson tensor P'^" through derivatives 
without getting extra terms from commutators. Finally one obtains that H1.20|l 
is satisfied if and only if = 1 Vr and this uniquely identifies the function u 
with the exponential. 

Summarizing, under the assumptions made for Q, V and P, the unique 
associative * product has the form: 

f*9^e^^PHf,g) (1.21) 

(modulo a constant overall factor and linear changes of variables). If at least 
one of the three hypotesis is not satisfied (P constant with respect to V, V 
without torsion and curvature) , then Moyal product is not associative anymore. 
This can be easily seen by considering second and third order terms in h. 
Once the product * is known, the commutation relations among coordinates 
are determined by considering the special case of two coordinates themselves as 
functions / and g . If O is flat spacetime described by coordinates {x^} and 
ordinary derivatives, we can take as a Poisson structure the one associated to 
a constant antisymmetric matrix P^" . In this case we obtain the coordinate 
algebra 

[a;^, x""]^ = * - x"" * = iKP^"" . (1.22) 
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Usually in the definition of the commutator an i is factorized so that the matrix 
P is hermitian. Moreover, the parameter h is sometimes absorbed into the 
definition of the matrix P. 

In flat spacetime the choice of a constant P^'' is deeply related to translation 
invariance. In fact, if we want to deform a theory with this symmetry, the only 
deformation of the coordinate algebra that preserves it is the one associated to 
a constant symplectic matrix. 

Consider the commutation relations [x^jX"] = id'^''{x) that we would like 
to implement in a certain theory originally defined in terms of commuting co- 
ordinates x^. Suppose the original theory to be symmetric with respect to the 
transformation x — *■ x' . For the symmetry to be preserved in the deformed 
theory the new coordinate algebra must be invariant with respect to that trasfor- 
mation. When we say invariant we mean that the functional dependence on x 
variable must not change under the transformation, that is 

[xf", x"] = iOf'^ix) =>^^^' [x'^', x'"] = iOf^^ix') (1.23) 

Note that the matrix 9'^'^ only transforms punctually and does not become a new 
matrix 9''^'^. The matrix 0'^" is arbitrarily chosen, defines the noncommutative 
manifold and must be same for all x on the manifold. 

Again, let us consider the case of flat spacetime. We would like to deform a 
Poincare invariant theory. We will first consider translations x — > x + a to see 
which conditions must be imposed on the matrix ^^'^ for the deformed algebra 
not to break this symmetry. 

[x'^, x'"] = [x'^ + a^, x"" + a""] = [x^", x"] (1.24) 

So 9 must satisfy the constraint 

9^"'{x + a) = 9^"'{x) (1.25) 

Since 0^'' must be a local function, it has to be constant. Therefore, in flat 
spacetime the only nontrivial deformation preserving translation invariance is 
the one with constant commutators. 

Now we will consider Lorentz invariance 8 . Two different kinds of Lorentz 
transformations can be considered, the ones where the observer moves while the 
particle stands still ("observer" Lorentz transformations) and the ones where 
the particle is boosted or rotated and the observer is fixed ("particle" Lorentz 
transformations). In the first case it is sufficient for the physics of the system 
not to change that the matrix 9^'^ transforms covariantly. In the second case 
instead the matrix 9^" must not transform, since the coordinate algebra must 
remain unaltered while moving from x to x' . Thus in this case physics changes 
under the transformation and the symmetry is broken. 

Let us explicitly consider the "particle" Lorentz transformation x^^ — > x'^ — 
A^^x". It happens that 

= [A^^ xP,A'', x''] = A^^ [xP,x^] A"', = A'^^ 0^"^ A'', ^d>2 0^" 

(1.26) 
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We conclude that noncommutative theories in 13 > 2 dimensions cannot preserve 
"particle" Lorcntz transformation, while "observer" Lorentz transformation are 
not broken by the deformation. An exception to this general rule is the two- 
dimensional case, where every antisymmetric matrix is a number times the Ricci 
tensor e'^'^ , which is Lorentz invariant. 

In most papers concerning noncommutative field theory the following choice 
is made 

gOi ^ gij ^ Q (--^ 27) 

Time is "isolated" with respect to spacial directions and Lorentz symmetry is 
manifestly broken. As anticipated in the beginning of this section, time-space 
noncommutativity is likely to cause a breakdown of the usual framework of quan- 
tum mechanics. Actually, it has been shown that time-space noncommutativity 
is responsible for unitarity and causality |15| problems in noncommutative 
field theory (see section 1.1.2). To avoid this, the restriction (|1.27() is applied in 
most work concerning noncommutative field theory. 

Finally I would like to point out that the discussion about symmetries I have 
presented here is based on the assumption that the symmetry group is unde- 
formed (i.e. it is a classical symmetry group and not a quantum group). This 
means that parameters of symmetry transformations are commuting. This is 
not the only possible way to proceed. There is a branch of mathematics called 
Quantum Algebra that studies the deformation of symmetry groups. An inter- 
esting example is the K-deformation of Minkowski space ^42^ , where parameter 
and coordinate algebras have an identical structure. Since Minkowski space- 
time can be defined as the quotient between Poincare and Lorentz groups, it 
may seem natural to take also into consideration deformations of Minkowski 
space that are accompanied by an analogous deformation in the translation 
symmetry group. 

I briefly summarize the results obtained, in the special case f2 = i?^" (the ex- 
tension to Minkowski signature is straightforward) . The only product * defined 
as in H1.151 11.16(1 that is associative and that preserves translation invariance is 
Moyal product 

{!^g)(x) = eV^''^^^', fix) g(x')U=.' (1.28) 

that generates the coordinate algebra 

[x\xq^^th0'^ (1.29) 

As we have seen before, Moyal product is also naturally obtained in quantum 
mechanics through the Weyl-Moyal correspondence defined between quantum 
operators and functions on "phase-space" . 

Properties of Moyal product 

Here I will summarize some useful properties of Moyal product *. Associativity 
and covariance with respect to translations have been already discussed. 
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1. The * product between exponential functions reflects from the functional 
point of view the well-known Baker-CampbcU-Hausdorff formula 



kOq = k'^q^Of,^ (1.30) 

2. By making use of the previous formula we can obtain the representation 
of * in momentum space 

(/ *9){x)^j^l d*kd\f{krg{q)e~i^'^"^^e^^'^+''^^ (1.31) 

3. Commutativity is recovered under integration 
(/ * g){x)d''x ^ [{g* f){x)d^x = f (f ■ g){x)d\ (1.32) 



since all the corrections in H1.28|l with respect to the ordinary product are 
total derivatives, because of the antisymmetry of 6^^'^ . 

4. A cyclicity property can be deduced from the previous relation 

(/l * h * - * fn){x)d\ = f (/„ * /i * ... * fn-l){x)d^X (1.33) 



5. Finally, * has the following behavior with respect to complex conjugation 

if*9T=9**r (1.34) 

because of the antisymmetry of 6*^" . Clearly / * / is real when / is real, 
but when both / and g are real, / * g is generally complex. 



1.1.2 The natural Moyal deformation of a field theory 

In this section I will discuss the main properties of noncommutative field theo- 
ries that are obtained from ordinary ones by replacing ordinary products with 
Moyal * products H1.28|l in the action. This is what I will call the natural de- 
formation of a given field theory. I will first discuss the simple case of scalar 
field theory with interaction [H]. This is chosen for simplicity and most of 
the features we will find in this case can be easily generalized to more compli- 
cated situations. I will then move to gauge theories, to see how gauge invariance 
is modified in noncommutative space. In this first two subsections I will only 
take into consideration the restricted case (|1.27() . In the last subsection I will 
instead discuss unitarity and causality problems arising when time is involved 
in noncommutativity. 
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A simple example: The scalar ^'^ theory 



Let us consider the natural noncommutative deformation of a given ordinary 
field theory, for instance the scalar theory with interaction. We have already 
seen that we can obtain the deformed theory by replacing ordinary products 
with * products everywhere in the action. We choose Moyal product because 
we want to preserve translation invariance in the deformed theory and we want 
associativity. The action for the noncommutative theory is 



sm^ J 



1 TTl^ A 

2 ^ 2 4! 



(1.35) 



Property H1.32|l implies that the quadratic part of the action does not receive 
corrections from the star products. Only the interaction term is modified, so 
the free theory is the same as the ordinary one. The noncommutative theory 
is built on the same Fock space as the commutative one, but it has different 
interactions. This feature is common to all theories obtained as deformation of 
ordinary ones by implementing Moyal product, since it just relies on property 

We can easily deduce Feynman rules from H1.31|l . Introducing the Fourier 
components (/>(fc) of ^{x) 



$(x) 



1 



(27r) 



d''ke"'''4>{k) 



(1.36) 



We obtain 



A 



(27r)i6 3 • 4! 



d^ki...d^ki q^iki)q^{k2)Hh)Hki) ■ i2TTf6^^HJ2 



ki9k2 k^Ok^ 
cos — - — cos — - — 



k^ek^ 



cos COS 



4=1 

ki9k4 k20k3 
cos — - — cos — - — 



(1.37) 



We conclude that the only difference between the natural deformation of a 
field theory and the field theory itself is a phase factor depending on momenta 
and noncommutativity parameter 9, appearing in front of every vertex in the 
Feynman rules. This procedure can be clearly generalized to other field theories. 

Now I'm going to discuss how this phases modify perturbation theory, in par- 
ticular ultraviolet behaviour and renormalization. Since the phases appearing 
in front of vertices depend on the momenta, when we compute the contribution 
coming from a certain diagram we have to distinguish between two different sit- 
uations. If the phase is only depending on external momenta, it does not affect 
loop integrations and thus it does not modify the degree of divergence. This 
case we will call planar. Instead, when the phase factor depends on internal, 
loop momenta, it generally modifies the ultraviolet behavior of the diagram. 
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This case we will call nonplanar. So a single diagram in the ordinary theory 
decomposes in various planar and nonplanar contributions, depending on the 
ordering of momenta in the vertices. 

A nice feature of natural Moyal deformations of ordinary field theories is that 
nonplanar graphs always display a better ultraviolet behavior with respect to the 
corresponding planar ones, since the phase acts as a regulator. So one can say 
that such deformation of a renormalizable theory will also be renormalizable. It 
will display the same degree of divergence in planar diagrams and a lower degree 
of divergence in nonplanar ones A general discussion of renormalizability 
properties of noncommutative field theory can be found in JlQj. 

Now I would like to discuss a typical feature of noncommutative field theories 
called UV/IR mixing. To this purpose I will present the result of the 1-loop 
computation for the renormalized two-point function Tren in the case of 
theory. I will not give any detail about the computation. The interested reader 
should refer to [H]. 

Let A be the coupling constant of the theory, A the ultraviolet cutoff, M the 
renormalized mass, p the incoming momentum. Moreover we will define po k = 
p69k — Pf^6^P0p^ k^, where 9'^'^ is the noncommutativity matrix characterizing 
the theory. 

One finds that the renormalized F^^^ in the limit Aoff = ^ ^ —> takes 

the form 



96(27r)^(pop + ^) 967r^ AP{pop + 

(1.38) 

If we then take the limit A ^ oo we observe that an infrared divergence appears 
when we take p —f 0. If we instead take the limit p — > first, we discover 
that the cutoff does not appear explicitly anymore and the two-point function 
diverges for A — > oo. So we observe an interesting connection between the UV 
and IR behaviors in the extra terms appearing in the two-point function because 
of noncommutativity. This is known in the literature as UV/IR mixing. 

Finally, we will consider the limit 0-^0. In this limit we expect to obtain the 
standard result for the renormalized F^ of ordinary theory. We have already 
discussed the fact that a diagram in the ordinary theory splits in planar and 
nonplanar parts in the noncommutative theory. In (|1.38() the subtraction made 
to obtain the renormalized mass only took into consideration the divergences 
coming from the planar graphs. The last two terms represent the contribution 
coming from nonplanar diagrams. In the limit 9—^0 one may verify that by 
adding to the planar contributions the nonplanar ones in the computation of 
the renormalized mass, one obtains the well-known result for ordinary 



Gauge theories 

Up to now I have considered scalar theory for simplicity. Now I would like to 
discuss Yang-Mills theories. In ordinary geometry these theories are constructed 
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by promoting a global invariance to a local one. In general the gauge group is 
nonabelian. 

First of all a remark is needed regarding the choice of the gauge group. In 
noncommutative geometry described by Moyal product it is easy to show that 
SU{n), SO{n) and Sp{n) are not closed any more and the same is valid for the 
corresponding Lie algebras This is due to the fact that a nontrivial trace 
part appears in the product of two traceless matrices. So we will consider U{n) 
gauge theory as our example^. 

The ordinary gauge theory is described by an n x n hermitian matrix of 
vectors, A^. This transforms as follows under the local gauge symmetry with 
parameter A (also an n x n matrix) 

5xA^ = d^X + i[X,A^] (1.39) 

The field strength Ffj_,y and its transformation law are given by 

Ffj.u — df^Ajy — di^Afj — i[Afj, Ai,] 

6xFf,, ^ i[X, Ff,,] (1.40) 

The pure gauge action is given by 

jTriF^-'F^,) (1.41) 

where the trace acts on gauge indices and the integral is taken over spacetime 
variables. The invariance of (|1.41|) under (|1.40|) follows from cyclicity of the 
trace. 

We are going to construct the natural Moyal deformation of the theory by 
substituting ordinary products with * products in the action. This time we 
have matrix-valued fields, so the product between two of them will be the tensor 
product between * and the matrix product. We obtain the action 

J Tr {F^-' * F^,) (1.42) 

If we also substitute ordinary products with Moyal products in the gauge trans- 
formation and definition of the field strength 

S\A^ = df,X + iX* Af, - lA^ * X 

F^u ~ d^Au djjA^ iA^ * A^, -I- iA^ * A^ 

SxF^, = iX * F^, - iF^, * X (1.43) 

we find that the gauge transformation is still a symmetry of the action. In 
the noncommutative case the invariance of (|1.42|l under H1.43|l is more subtle, 
though. Cyclicity of the trace is valid for ordinary matrix product, but not for 
the tensor product of the latter with *. However, the cyclicity property of Moyal 
product under integral (| 1.33(1 can be extended to the case of matrix- valued fields 

-'The cases SO{n), Sp{n) seem to allowed from the subtle string theory discussion in |4ri| 
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and used to prove the invariance of the action. In the hmit 9^0 one recovers 
the ordinary theory. 

It is very important to observe that while in the ordinary case n — 1 corre- 
sponds to an abeUan theory with field strength and transformation laws 



in the noncommutative case the commutator of two gauge transformations with 
parameters Ai and A2 is the gauge transformation with parameter Ai *A2 — A2*Ai 
[2]. This is nontrivial even in the case n = 1, so this is a nonabelian theory and 
its features perfectly mimic the case with n > 1. 

Unitarity and causality problems 

As anticipated, problems arise when time-space noncommutativity is considered. 
The structure of Moyal product H1.28(l leads to terms in the action with an 
infinite number of derivatives of fields. This renders a Moyal-deformed field 
theory non local. In particular, when time is involved in noncommutativity, 
nonlocality in time appears and the usual framework of quantum mechanics 
breaks down. 

In unitarity of noncommutative field theory with time-space noncom- 
mutativity has been studied. Scalar field theory deformed with time-space non- 
commutativity has been considered and several one loop amplitudes have been 
shown not to be unitary. In particular, the two point function in noncommu- 
tative theory has been shown not to satisfy the usual cutting rules when 
0'^'' 0, while these rules are satisfied when only spatial noncommutativity is 
present. Moreover, 2^2 scattering in noncommutative has been considered 
and again unitarity of the S-matrix is satisfied only when = 0. 

Recently in a series of papers |44| a different approach to perturbative non- 
commutative field theories with a noncommuting time variable has been pro- 
posed. It has been argued that time-ordering is nontrivial when time is involved 
in noncommutativity and so a new prescription for the computation of Green 
functions must be given. This is different with respect to the naive Feynman 
rules obtained by multiplying the usual vertices by a phase factor (see ULaTH ). 
It has been shown that in this framework unitarity is preserved when the la- 
grangian of the theory is hermitian. 

In jTH] causality of scattering processes in noncommutative field theory with 
time-space noncommutativity has been investigated. In particular, 2 — s- 2 tree- 
level scattering amplitudes for massless scalars with interaction in a two- 
dimensional noncommutative spacetime have been computer there. The ordi- 
nary result for the 2-^2 amplitude is 



where g is the coupling constant of the theory. In the noncommutative case 
with [t,x] — i9, because of the phases appearing in front of the vertices, one 



SxF^, = 



(1.44) 



iM = —ig 



(1.45) 
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obtains instead 



iM ^ g[cos(pi A P2) cos(p3 A P4) + 2 ^ 3 + 2 ^ 4] (1.46) 

where pi, . . . ,p4 are the two- momenta of the particles satisfying the conservation 
law ^^^i Pi = (all momenta are incoming) and the wedge product is defined 
as p A q = 9{p^q^ — p^q^)- In the center of mass frame H1.46|) becomes 

iM - g[cos{Ap^e) + 2] (1.47) 

Given an incoming gaussian wave packet 

0m(p) ^ (e-^^"-'"')' + e"^(P+f°)') (1.48) 

the outgoing wave packet, in the hmit ^ As ^ A6' 1, is expressed as 
follows 

'^outix) ^ g [f{x- -e, X,po) + 4\/Ae-^^ e'f"" + F{x; 0, X,po)] + [po ^ -po) 

(1.49) 

where F(x;9,X^po) represents a packet concentrated at a; = —8po9. So the 
incoming wave-packet, in the special high energy limit considered, splits into 
three parts, one concentrated at a; = —8po0, one at a; = and one at x = 8po9. 
All three propagate towards a; — > 00. 

In the center of mass frame scattering can be seen as bouncing on a wall. 
The first packet is an advanced one, which means that it leaves the wall much 
before the arrival of the incoming packet. The third term instead corresponds to 
a delayed wave, appearing well after the arrival of the incoming packet. These 
two terms suggest an interpretation of the noncommutative particle as a rigid 
rod. Both terms originate from the phase factor due to noncommutativity. 
The second term is not interesting, since it is neither significantly delayed or 
advanced. 

The advance by itself is not an indication of acausality. A nonrelativistic 
example of this is the reflection of a rigid rod of length L oriented along the 
direction of motion. The center of mass of the rod appears to reflect before 
reaching the wall, but the event is not acausal. However, there is a problem 
when both causality and Lorentz invariance are considered. In our case the 
advance increases with energy, therefore the rod seems to expand instead of 
Lorentz-contract at growing energies. This bizarre behavior is a sign of the 
inconsistency of a field theory with time-space noncommutativity. 

When only space-space noncommutativity is considered (in a 2-1-1 dimen- 
sional field theory), the effect of the phase in front of the vertices is to let 
outgoing scattered waves originate from the diplaced position y = \9px- This 
again suggests the interpretation of the incident particles as extended rods of 
size Op, but orthogonally oriented with respect to their momentum. In this case 
there is no violation of causality. 

In jl7| it has been shown that in noncommutative field theories with time- 
space noncommutativity tachyonic particles are produced. This gives a physical 
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interpretation of the perturbative breakdown of unitarity. Moreover, in this 
paper a quantitative study of various locahty and causahty properties of non- 
commutative field theories at the quantum level has been performed. 

In collaboration with M.T. Grisaru, O. Lechtenfeld, L. Mazzanti, S. Penati 
and A. Popov I have also addressed the problem of acausality in noncommutative 
field theory in I37j . We have conjectured that in a noncommutative two- 
dimensional field theory that is classically integrable, i.e. it has an infinite 
number of conserved charges, acausality may disappear. In |37| we have shown 
that this is indeed the case for the noncommutative integrable sine-Gordon 
model, whose S-matrix is factorized, as expected for an integrable system, and 
causal. These results will be discussed in detail in chapter 2. 
The noncommutative generalization of the sine-Gordon system characterized by 
a well-defined S-matrix is not the natural one, though. In the next section I will 
begin to explore some possible noncommutative versions of the scalar theory 
that differ from the natural one considered in this section. 

In the last part of section 1.2.1 I will discuss time-space noncommutativity 
from the string theory point of view. There we will see that the ill-defined field 
theories with time-space noncommutativity do not arise as consistent limits of 
string theory. However, there exists a limit where one obtains a theory of open 
strings living in a noncommutative spacetime (NCOS). 

1.1.3 Other possible deformations: The free scalar field 
theory example 

Up to now I have considered the natural deformation of a given field theory, 
obtained by simply replacing ordinary products with * products everywhere in 
the action (and in the definitions of the field strength and gauge transformations 
in the Yang-Mills case). I have discussed some of the peculiar properties of 
noncommutative field theories obtained in such a way and noted that some of 
these are not welcome in a reasonable field theory. 

The natural deformation is not the only way to proceed. Given an ordinary 
field theory we can more generally define a noncommutative deformation of it as 
a theory written in terms of * products that reproduces the original commutative 
theory in the limit 9—^0. Of course the natural deformation is included in this 
definition, but different deformations can be constructed, just by adding new 
terms that vanish in the limit 6^0. 

I would like to discuss a very simple example, the two-dimensional free mass- 
less scalar field theory. We have previously noted that quadratic terms in the 
action are not modified by Moyal product. So the natural deformation of a free 
scalar field theory is trivial. There are more possible deformations, though, that 
are highly nontrivial and very interesting indeed. 

In ordinary geometry we can consider the element 5 of a nonabelian group 
G. With this we can construct the principal chiral model action 




(1.50) 
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The corresponding equation of motion is given by 



5m {g-^d^g) = (1.51) 

In the case of the abelian group Q = U{\) we can parametrize g — e'"*^ and see 
that the action reduces to the free massless scalar field action. In the nonabehan 
case instead the model is nontrivial. 

It is possible to add to the principal chiral action a new term, called Wess- 
Zumino (WZ) term, that is written in terms of a commuting parameter p e [0, 1]. 
The resulting theory is called Wess-Zumino-Witten (WZW) j45j model and its 
action in a (+, — ) signature is 

Swzw ^\Jd^^ d^g-'d^g -\ j dp e^-^^ g-^d^g g-'d,g g-'d„g 

(1.52) 

where we have introduced the homotopy path g(p) such that ^(0) — 1, g{l) — g. 
The variation of the WZ term is a total derivative in p, so the equations of motion 
obtained from this action are truly two-dimensional and given by 

d{g-'dg)=0 (1.53) 

where we have defined d = do + di and d = do — di. For an abelian U{1) group 
the WZ term vanishes and the WZW model reduces to the free massless scalar 
theory. 

We have previously observed that in noncommutative geometry the U{1) 
group is no longer abelian. Parametrizing the element of noncommutative U{1) 
as 

g = eT^ (1.54) 

we can define noncommutative U{1) principal chiral and WZW models j46j . 
just substituting * products everywhere in the given actions and considering g 
in the noncommutative U{1) group. Both models reduce to the free massless 
scalar theory in the commutative limit, so they are nontrivial noncommutative 
generalizations of it. 

Since many possible noncommutative generalizations of a single ordinary 
field theory can be constructed, it is natural to wonder whether one of these may 
be "better" than the others so that it could be chosen as "the" noncommutative 
version of the original theory. 

First of all, criteria should be given to decide whether one generalization is 
better than the other. There are a certain number of properties that render a 
field theory a "good" theory. For instance symmetries, classical integrability, 
causality, unitarity, renormalizability, quantum integrability, absence of anoma- 
lies, dualities are properties that, when present in the ordinary theory, we would 
like to preserve in its noncommutative version. So a good criteria could be to 
find a deformation that preserves the good properties of the ordinary theory, or 
some of them at least. 
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The case of a free scalar field theory is very simple and cannot give us any 
hint. However, it is possible to add a potential term to the scalar theory to 
obtain an interacting theory enjoying nice properties. In my papers jiffil \'M\ . 
in collaboration with M. Grisaru, O. Lechtenfeld, L. Mazzanti, S. Penati and 
A. Popov, I have studied the possible generalizations of a very special scalar 
theory, the sine-Gordon system, describing a scalar field autointeracting by an 
oscillating potential. As will be explained in detail in chapter 2, from our 
analysis of noncommutative sine-Gordon the WZW-like generalization of the 
kinetic term for scalar fields seems to be preferred. This agrees with bosonization 
considerations in |T7ll^ . 

1.1.4 The Kontsevich product 

In section 1.1.1 we have seen that, in a Poisson manifold with a derivative 
without torsion and curvature, such that VP — 0,the only associative product is 
Moyal * H1.28|l . If one of the three assumptions is not verified, then this product 
is no longer associative. Moreover, we have noticed that in fiat spacetime with 
ordinary derivatives the assumption of constant P is a restriction needed for the 
noncommutative deformation of a translation invariant theory to preserve this 
property. 

In this section I would like to consider more general situations, where space- 
time may be curved and translations may not be a symmetry anymore. In 
particular, as I will show in detail in section 1.2.1, noncommutative geometry 
naturally emerges in the context of string theory, that is naturally embedded in 
curved backgrounds. Therefore, spacetimes with torsion and curvature should 
be considered. Different symmetries underlying the theory may require Poisson 
structures P with a particular dependence on the coordinates. For this reasons 
it is interesting to consider the case when the Poisson structure P is not con- 
stant with respect to a certain set of derivatives. One may think about relaxing 
the other two constraints regarding the set of derivatives chosen. Actually, at 
least in some cases it is possible to rewrite a Poisson structure with nonfiat 
derivatives and a covariantly constant Poisson tensor in terms of a nonconstant 
Poisson tensor and fiat derivatives. The superspace case we will study in the 
next section is an example of this. 

M. Kontsevich in |49]| generalized the results of Bayen et al. to the case 
where derivatives V are without torsion and curvature but the Poisson structure 
is not covariantly constant VP ^0. In this case Moyal product (|1.28() is not 
associative anymore. However, it is possible to modify Moyal product order by 
order in the deformation parameter h to obtain associativity. 

Let f2 be a Poisson manifold, with coordinates {x^} and flat derivatives 
{V^}. Let P^"^ = P^'^{x) be the Poisson structure of this manifold, written in 
terms of the chosen coordinates as follows 

[x^',x'']= P^'^x) (1.55) 

First of all we recall that the definition of a Poisson structure requires associa- 
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tivity 

pt^py^pua ^ pupy^pat. ^ papy^ppy ^ g 

that is completely equivalent to the validity of Jacobi identity for the coordinate 
algebra 

[[x'^x^,a:^ + [K,a;^],2;'^] + [[x^x^,x'^] =0 (1.57) 

When P^^'^ is constant, this requirement is trivially satisfied and does not give 
any further constraint on the matrix P. When a general coordinate dependence 
is allowed, associativity constrains the functional dependence of the matrix. 
When P''" is invertible, i.e. it exists P~j} satisfying P^^'^P^J'^ ~ (5^', p.56|l can 
easily be rewritten in terms of the vanishing of the three-form H 

H^,p = \7^P„p + cyc\. = (1.58) 

Let us now consider Moyal product p. 28(1 . expanded up to second order in 
the parameter h 

f*g^f9 + hP^'''{x)W^f + h'P^'''{x)pP''{x)W^Wpf V,V,.9 + ©(/i^) 

(1.59) 

We then evaluate the quantity {f * g) * h — f * {g * h) up to second order in h 
(note that associativity is trivially satisfied at first order): 

if*g)*h~f*{g*h)^ {p'^ps/pP^" + p'^pWpP'"') Wpf w^h + o{n^) 

(1.60) 

So nonvanishing terms arise, because of the x dependence of the Poisson struc- 
ture. Kontsevich observed that once the trilinear dependence on the functions 
/, g, h is factorized, one obtains terms with an identical structure with respect 
to the ones emerging in the associativity equation for P ((1.56|l . If one could 
modify the definition of the product * (|1.59l) in such a way to obtain exactly the 
quantity that is constrained to be zero in H1.56() . one would obtain a product 
associative up to order fi^. 

We have to add new terms of order fi? , since associativity is trivially satisfied 
at first order. Therefore let us define a new product * by adding to * a new 
term of order fi,^ as follows 

f^g= fg + nP^"'{x)V^f V.g -I- P'"" {x)P''^x)V p,V pf V.V^g 
+Ah^P^^PVpP'"' (V^V,/ V^g - V,/ VpV^g) + 0{h^) 

(1.61) 

where A is a coefficient to be determined in such a way that (f-kg)^h — f^{g-kh) 
is proportional to the constraint H1.56|l . One obtains 

A^l (1.62) 

The product ★ that we have defined up to second order in h is associative 
if and only if the Jacobi identity for the coordinate algebra ((1.57|l is satisfied. 
Kontsevich showed that order by order in h it is always possible to modify Moyal 
product * in order to make extra terms vanish when the Jacobi identity for the 
coordinates is valid. So Kontsevich ★ product is uniquely defined at any order 
in the deformation parameter h by the requirement of associativity. 
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1.1.5 Deforming superspace 

Up to now, we have only considered noncommutativity of bosonic coordinates, 
in the form 

=«e'"'(a;) (1.63) 

where Q'^'^{x) is antisymmetric. Since, as it will be explained in section 2, 
noncommutative field theories emerge naturally in the context of string theory 
and string theory is only consistent in the presence of supersymmetry, it is 
natural to consider the problem of deforming a supersymmetric theory. 

It is well-known that the natural setting for discussing supersymmetric the- 
ories is a nontrivial extension of bosonic space, known as superspace, where 
bosonic coordinates x are accompanied by fermionic ones, that I will generally 
denote with 9. So it seems natural and compelling to ask what happens if we 
deform also the anticommutators between fermionic coordinates of superspace. 
Exactly as in the bosonic case discussed before, we would like the deformation 
to preserve the symmetries of our original theory, described by the group of 
supertranslations. Moreover, we would like the deformed algebra to be associa- 
tive. In the bosonic case we have seen that this two properties in flat space were 
identifying Moyal product. 

In collaboration with D. Klemm and S. Penati, I have addressed the problem 
of deforming superspace in [^Hl ■ First steps had been taken in this direction be- 
fore the appearance of this paper. Nonvanishing anticommutators of fermionic 
coordinates have been considered in |33| in the context of a possible fermionic 
substructure of spacetime. In (SOI, quantum deformations of the Poincare su- 
pergroup were considered. In a modern noncommutative geometry context, 
trivial superspace deformation of supersymmetric field theories have been anal- 
ysed, where only the bosonic sector of the coordinate algebra is modified |51| . 
In a Moyal- like deformation of c? = 4 iV = 1 superspace was proposed 
involving fermionic coordinates, that is associative and covariant with respect 
to supersymmetry, but does not preserve the complex conjugation rules that 
characterize Majorana-Weyl spinors in four dimensions. In this paper it was 
also shown that in general the set of chiral superfields is not closed under star 
products that involve fermionic coordinates. I will discuss the results in |52| in 
detail in the second part of this section. 

In |2fi| we were mainly concerned with the conditions imposed on the possible 
deformations of superspace by requirements such as covariance under classical 
translations and supertranslations, Jacobi identities, associativity of the star 
product and closure of the set of chiral superfields under the star product, but 
we wanted superspace conjugation relations to be still valid in the deformation. 
The motivation for this requirement relies in the fact that in a theory with 
N supersymmetries formulated in superspace, the number of fermionic degrees 
of freedom is N times the bosonic one. As I will show in detail, by relaxing 
spinor conjugation relations in the deformation, one in fact does not preserve 
the number of supersymmetries. 

The main results in are that it is possible to fulfill all the requirements 
inad = 4iV = l Minkowski superspace, even if the contraints imposed on 
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the supercoordinate algebra are strong and only [x, 6] and [x, x] can be turned 
on. Moreover, in the same paper we have shown that euclidean signature is less 
restrictive and allows for a nonanticommutative superspace with {9, 9} different 
from zero. The results obtained in my paper will be discussed in section 1.1.6. 

Since then a lot of progress has been done in understanding superspace de- 
formations. Non(anti)commutative superspaces have been shown to emerge in 
a superstring theory context, in the presence of Ramond-Ramond (RR) back- 
grounds 21j 28,j 2^ ih^- I will discuss these results in section 1.2.4. Further- 
more, in the paper by N. Seiberg |28| . a deformed superspace that only preserves 
iV = i supersymmetric of the original A'^ = 1 has been introduced. I will review 
the properties of this deformation in section 1.1.7 and compare with the ones 
obtained in my paper. Many deformations of superspace field theories have been 
studied and their quantum properties have been discussed. I will give a brief 
summary of the main results obtained in the second part of section 1.1.7. 

I will not give an introduction to supersymmetry and its superspace formu- 
lation. For an introduction to this topics, I suggest the books |28l I24| and the 
review paper [^Hl • 

The Ferrara-Lledo proposal 

In the authors consider the problem of generalizing Moyal product (|1.28|l to 
c? = 4 = 1 superspace. This is described by the set of superspace coordinates 
Z"^ = (a;"", 9" ,9°"), where x"" are four real bosonic coordinates and 0", 9" are 
two-component complex Weyl fermions. The conjugation rule 0" = (0")^ fol- 
lows from the requirement to have a four component Majorana fermion (we use 
conventions of Superspace 24 ). In the standard (anti)commutative superspace 
the algebra of the coordinates is 

{r,6"3} = {r,^'^} = {6*",^} = 
[x°"^,9>^] = [x'"^,9'^] = 

[x°"^,x'^^] = (1.64) 

and it is trivially covariant under the superPoincare group. The subgroup of the 
classical (super)translations (spacetime translations and supersymmetry trans- 
formations) 

6»'" = 9°' + e" 
9"^ = 4- e" 

is generated by two complex charges Qa {Qa — Qa) and the four-momentum 
Paa subjected to 

{Qa,Qp} = {Q&,Qb} - , {Qa,Qa} = -Pad (1.66) 



19 



Representations of supersymmetry are given by superfields V{x°'°' ,9" jO") 
whose components are obtained by expanding V in powers of the spinorial 
coordinates. The set of superfields is closed under the standard product of 
functions. The product of two superfields is (anti)commutative, V ■ W — 
(_l)deg(y) <ieg(iy)^ . and associative, {K ■ V) ■ W = K ■ {¥_■ W). The 
set of superspace covariant derivatives is given by Oa = {daa, Da, Da)- In both 
this section and the following one (so in the papers 52. and ,26 ) the nonchiral 
representation of supersymmetry has been chosen, where 

Da = da+'-e'^dac. ] Da = Ba + '-O'' daa (1-67) 

Superspace geometry is nontrivial, because of the presence of a nonvanishing 
torsion 

{Da,Da}^idaa (1.68) 

To extend the construction of Moyal product to superspace, one has first 

to introduce a superspace Poisson structure generalizing H1.I6() . The authors 
propose 

{$, *} = ^"d aaP""'^^~d (Bp'f + ^DaP^'^Dp'S (1.69) 

where P"-°'PP and P°'^ are constant matrices. This Poisson structure is man- 
ifestly covariant with respect to supersymmetry. Moreover, it is associative 
since it involves only daa and Da and not Da- Associativity would be broken if 
the whole set of superspace covariant derivatives had appeared, because of the 
nontrivial superspace torsion (|I.68(I . With this Poisson structure the authors 
construct a Moyal-like product in superspace as follows 

$ * * = $ exp (ft (y aaP""'^^~d 1^1^ + DaP'^'^Dp)) * (1.70) 

This is an associative product, as one can easily deduce by extending to super- 
space the discussion in section 1.1.1. 

If we consider the special case when the superfields $ and Vl/ are identified 
with the supercoordinates themselves, we obtain the following anticommutation 
relations 

|r,^^}=0 (1.71) 
They are not consistent with the d = 4 N — 1 superspace conjugation relation 

(r)^ = r (1.72) 

Even if in principle a noncommutative deformation is not required to respect the 
complex structure present on the original space, the relation (|1.72l) is needed in 
the original space for the fermionic degrees of freedom to be equal to the bosonic 
ones. By relaxing it in the deformation, one modifies (doubles) the number of 
supersymmetries. 
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In the paper it was also observed that the class of chiral supcrfields, 
defined by the relation — 0, is not closed under the product H1.70|l . Already 
at first order in the fi expansion nontrivial terms arise in Da (<& * 4'), where $ 
and '5 are both chiral, because of the nontrivial superspace torsion H1.68|l . Since 
the simplest superspace field theories are written in terms of chiral supcrfields, 
the lack of closure for the chiral class is a serious obstruction in constructing 
deformations of known supersymmetric theories. 

1.1.6 Non(anti) commutative superspace 

In this section I will discuss the results that I obtained in [3^, in collaboration 
with D. Klemm and S. Penati, regarding supersymmetric associative deforma- 
tions of d = 4 = 1 Minkowski and N = 2 euclidean superspace. 

Supersymmetric deformations of = 1 d = 4 superpace 

In [21], a more systematical approach with respect to 52 has been followed 
to determine the most general non(anti)commutative geometry in A^ = 1 four 
dimensional superspace, invariant under the classical supertranslation group and 
associative. As I have anticipated before, the deformation will be required to 
preserve the complex conjugation relations that are valid in ordinary superspace. 

We will consider the supercoordinates Z"^, generically satisfying the non- 
(anti)commutative algebra 

[Z^,Z^] ^ P^^{Z) (1.73) 

where we have introduced the (anti)commutator 

[Fa, Gb} = FaGb - {-T'CbFa (1.74) 

that is a commutator if at least one of the two indices A, B is a vector and an 
anticommutator otherwise. 

Let us consider the transformation Z ^ Z' . This is the generic symmetry of 
the ordinary theory that we would like to preserve in the deformation. Exactly 
as in the bosonic case discussed in section 1.1.2, we will require that the func- 
tional dependence of the non(anti)commutative algebra is not modified under 
the transformation 

=P^^(Z') (1.75) 

Since, as discussed in section 1.1.1, bosonic noncommutative deformations break 
"particle" Lorentz invariance, we will not worry about this symmetry in our su- 
perspace generalization. We will only take into consideration the supertransla- 
tion group, containing ordinary bosonic translations and supersymmetry trans- 
formations. For Af = 1 d = 4 superspace conventions, we refer to (see 
summary in the previous section) . 

In order to define a non(anti)commutative superspace, we consider the most 
general structure of the algebra for a set of four bosonic real coordinates and a 
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complex two-component Weyl spinor with (6*")^ = 9°" 
{61", r} = B°'"{x,9,0) 

[x^,9^] = iC^{x,9,9) , \x^,9^] = iC^{x,9,e) 
[x^,x^ = iV^{x,9,9) (1.76) 

Here, yi, S,C,I? are local functions of the superspace variables and we have 
defined A'^'^ = {A°'^)^ , = {C^^Y . From the conjugation rules for the 
coordinates it follows also (6"")^ = K"" and {V^^Y = V^. 

To implement (|1.75|l to be the algebra of the coordinates of a non(anti)com- 
mutative = 1 superspace we require its invariance under the group of space 
translations and supertranslations H1.65|l . As before, we restrict our analysis to 
the case of an undeformed group where the parameters a"" , e" and e" in (|l.t)5|) 
are kept (anti)commuting ^. 

As in the bosonic case discussed in section 1.1.1, we require the functional 
dependence of the A,B,C,V in (|1.76|) to be the same at any point of the su- 
permanifold. To work out explicitly the constraints which follow, we perform 
a (super)translation 11.65|l on the coordinates and compute the algebra of the 
new coordinates in terms of the old ones. We find that the functions appearing 
in H1.76|l are constrained by the following set of independent equations 

A''^{x',9\9') = A'"^{x,9,9) , B""{x' ,9' ,9') = B""{x,9,9) (1.77) 



C""^ix\9',9') = C""^ix,9,9) - -e°'B^'^{x,9,0) - -e'^A°''^{x,9,9) (1.78) 
T)°'"f>f>{x',9',9') = V°'"'^^{x,9,9) 

_ * ^^0c°'"f'{x, 9, 9) + e%""^(a;, 9, 9) - €°'&^'^{x, 9, 9) - e^C^^'^ix, 9, 9)^ 
~^(e°'A'^^{x,9,9)e'^ + e''B^'^{x,9,9)e^ 

+€^B''^ix, 9, 9)e^ + f^A''^ [x, 9, 9)e^^ 

(1.79) 

together with their hermitian conjugates. 

Looking for the most general local solution brings us to the following algebra 
for a non(anti)commutative geometry in Minkowski superspace consistent with 

^More general constructions of non(anti)commutative geometries in grassmannian spaces 
have been considered, where also the algebra of the parameters is deformed 1501 . 
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(super)translations 



(1.80) 



where 

pad/3/3 /gi J 



_g,a^/3d 
2 



Q(i/3/3 



i^Q/3 

0a ^I3f3a 



) (1-81) 



and A, i?, C and I? are constant functions. 

We note that, while invariancc under spacetime translations necessarily re- 
quires the non(anti)commutation functions to be independent of the x coordi- 
nates, as we have seen in section 1.1.1, invariance under supersymmetry is less 
restrictive and allows for a particular dependence on the spinorial coordinates. 

On the algebra of smooth functions of superspace variables we can formally 
define a graded bracket which reproduces the fundamental algebra p.80|l when 
applied to the coordinates. In the case of bosonic Minkowski spacetime, the 
noncommutative algebra H1.63|l can be obtained by interpreting the l.h.s. of 
this relation as the Poisson bracket of classical commuting variables, where, 
for generic functions of spacetime, the Poisson bracket is defined as {f,g}p = 
iQ^'^di^fd^g. Generalizing to Minkowski superspace, the graded bracket must be 
constructed as a bidifferential operator with respect to the superspace variables. 
Using covariant derivatives Da = {Da, Da, daa), for generic functions <I> and ^ 
of the superspace coordinates we define the bidifferential operator 



where 



P 



AB 



' paf3 pa0 pab^ 
paf3 pa.f5 pab 
pop paJ3 pab 



<^DaP^^ Db'^ 

'-A-^f^ -B^i^ iCf^P"^ 

-B'^P -A^^ iC^^^^ 

iQaaP ^Qaafi ij;)aal3ti 



(1.82) 



(1.83) 



is a constant graded symplectic supermatrix satisfying P^^ = (— i)(''+i)(''+i)p^^^ 
a denoting the grading of A. It is easy to verify that applying this operator to 
the superspace coordinates we obtain (|1.8U|) . 

Alternatively, one can express the graded brackets H1.82I) in terms of torsion 
free, noncovariant spinorial derivatives = {da, da, daa) so obtaining a matrix 
P"^^ explicitly dependent on {9,0). The bracket (|1.82|) is rewritten as follows 



{$,^'}p = <^d aP^" d B"^ 



(1.84) 
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where 



P 



ABi 




(1.85) 



and the functions C, C and T) are given in (|1.81(l . 

The latter formulation of the graded bracket is not manifestly covariant, but 
it is however very useful, since it makes clear that Kontsevich procedure outlined 
in section 1.1.4 can be generalized to superspace to construct an associative 
deformation of the product between superfields. All the results from now on 
can be written in both ways. In general the covariant formulation is preferred 
because it naturally leads to a geometrical interpretation of the results. 



Deformation of the supersymmetry algebra 

It is important to note that the non(anti)commutative extension given in (|1.8U|) 
in general deforms the supersymmetry algebra. In the standard case, defining 
Qa = [Qa, Qa, —idaa), the supcrsymmctry algebra can be written as 

[Qa,Qb} = iTab^Qc , [Da,Db} = Tab^Dc 
[Qa.Db} - (1.86) 

where Tab''' is the torsion of the flat superspace {T^^- — T^^- = iS^6^ are the 
only nonzero components). Turning on non(anti)commutativity in superspace 
leads instead to 

I D CD, 



[Qa,Qb} = iTab Qc + Rab QcQd 
[Da,Db} = Tab^Dc + Rab^^'DcDd 
[Qa:Db} - Rab^^'QcDd (1.87) 



where Tab'^ is still the torsion of the flat superspace, while 

jy CD 1 TjMNrp Crp D /I QOA 

^AB — -g-r ^M[A J-B)N (l.SSj 

{[ah) means antisymmetrization when at least one of the indices is a vector 
index, symmetrization otherwise) is a curvature tensor whose presence is a direct 
consequence of the non(anti)commutation of the grassmannian coordinates. Its 
nonvanishing components are 

g (a Pj ' Q/J g (q /3) 



r) cd r) cd 

Ral3~ - Rpa~ 



1 (^pi^S^S^ + P^^<5J<5/) (1.89) 



I would like to stress that the curvature terms deforming the supersymme- 
try algebra are quadratic in bosonic derivatives and have no effect on the 
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supercoordinate-algebra. Therefore their presence is not in disagreement with 
consistency of the supercoordinate algebra with supersymmetry. 

Since the terms proportional to the curvature in (|1.87|l are quadratic in 
supersymmetry charges and co variant derivatives, we can define new graded 
brackets 

[Qa, Qb}, = QaQb - {-IT^Sb'^Sa'' + {-IT'Rab'''']QcQd 

(1.90) 

and analogous ones for [DA,DB}q and [QyijDsjg, which satisfy the standard 
algebra (|1.86(l . The new brackets can be interpreted as a quantum deformation 
associated to a g-parameter which in this case is a rank-four tensor 

<j^B^^ = Sb'^Sa'' + {-IT'Rab''" (1.91) 

Associativity and the geometry of deformed superspace 

Given the bidifferential operator (|1.82|l associated to the noncommutative su- 
pergeometry defined in (|1.8()(l it is easy to prove the following identities 

{<I>,*}p = (-l)i+''^9(*^ ''"'ff(*) $}p 

{c$,*}p = c{$,*}p , {$,C*}p = (-l)'*'=9W''«9(*)c{$,*}p 

{$ + *,l]}p = {$,17}p + {*,f^}p (1.92) 

The operator { , }p will then be promoted to a graded Poisson structure on 
superspace if and only if Jacobi identities hold 

{$, 0}p}p + (_l)deff(*) Me9(*)+deff(n)]|^^ ^1^1^ 

_^(_;L)deg(i2).[deff(<i>)+deg(*)]|^ l^^^l^l^ ^ q (^ 93) 

for any triplet of functions of superspace variables. This property is equivalent 
to associativity of the fundamental algebra (| 1.80(1 . Since the latter is nontrivial 
(coordinate-dependent commutators appear), H1.93|l is not in general satisfied. 
Indeed, imposing H1.93|l yields the nontrivial conditions 

pARpBSrp^^ l^_y^c+b(c+a+r) _|_ pBR pC S rp^ ^ f^_^Y+c(a+b+r) 

^pCRpASp^^B^^^^b+a(b+c+r) (^ 94) 

^_^^bvapAMpBNp^^^CD ^ q (^95) 

where the torsion Tab^ and the curvature Rab^^ have been introduced in 
p.86|l and (|1.87|) . Equation (|1.94|) is the covariant superspace generalization of 
bosonic associativity constraint H1.56|l (the analogy with H1.56(l is clearer when it 
is rewritten in terms of the "noncovariant" Poisson structure P given in H1.84|l ). 

As in bosonic case, if P^^ is invertible [PabP^^ — 5'a)^ equation H1.94|l is 
equivalent to the vanishing of the contorsion tensor Habc defined by 

Habc - TAB^'Poci-ir + TcfPoBi-iy" + TBj'PDA^-lf'' ■ (1.96) 
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This is the superspace generahzation of l|1.58|l . in terms of manifestly covariant 
quantities. The only nonvanishing components of H are 



Haal3 — ~i [Pact + Pfia a] 



Paa $ + Pap a 



Haab = iPaa b (1-97) 

We notice that its bosonic components Habc vanish due to the x-independence 
of the noncommutation functions in (|1.8U|) . The nonvanishing of H comes en- 
tirely from the ^-dependence of the functions in H1.81|l . As will be explained 
in section 1.3, it has been shown that bosonic coordinate-dependent deforma- 
tions naturally emerge in string theory in the presence of curved backgrounds. 
Nonassociative deformations also emerge and the parameter governing nonas- 
sociativity is a bosonic three form H. Identifying the superspace analogue of 
this may help characterizing the superstring background where deformed super- 
spaces may appear. 

When P is invertible, equation H1.95|l might seem to imply that the curvature 
R is zero. This is not true in general because of the presence of the sign in front, 
which is dependent on the grading of the summed index AI. Moreover, being 
puzzled by the unusual pattern of equations found, we have been trying to prove 
that (|1.95|) is algebraically implied by (|1.94|) . but this doesn't seem to work. 

We now search for the most general solutions of the conditions (|1.94l ll.95|l . 
Writing them in terms of the P^^ components we obtain 

^^/3/3q^q7 _|_ Ql30a j^-fct _ Qoafl j^(3-f _ Qaa0 j^^P^ _ q 
Xm (C'""^C''^'^ + C'''7'i(^/3/3a _^ ^/3/37(^ad7^ ^ Q. (1.98) 

The first two conditions necessarily imply the vanishing of the constants A and 
B. Inserting this result in the third constraint we immediately realize that it is 
automatically satisfied and the only nontrivial condition which survives is the 
last one. This equation has nontrivial solutions. For example, the matrix 



for any spinor ■0'^, is a solution. It would correspond to assume the same com- 
mutations rules among any bosonic coordinate and the spinorial variables. 

We conclude that the most general associative and non(anti)commutative 
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algebra in Minkowski superspace has the form 









where C is subject to the last constraint in (|1.98|l . Setting C'^°'^ = we recover 
the usual noncommutative superspace considered so far in literature 52, 54, 51 . 

Under conditions H1.98|l the graded brackets (|1.82() satisfy the Jacobi identi- 
ties (|1.93|) . as can be easily proved by expanding the functions in power series. 
In this case we have a well-defined super Poisson structure on superspace. 

We note that a non(anti)commutative but associative geometry always man- 
tains the standard algebra H1.86|l for the covariant derivatives. In fact, in this 
case, from (ITH^ it foUows Rab^^ = 0. 

Construction of a Kontsevich-like product on superspace 

We will now describe the first few steps towards the construction of a star 
product defined on the class of general superfields. By definition, this product 
must be associative, i.e. it has to satisfy the Jacobi identities (|1.93|l when the 
fundamental algebra is associative. 

In section 1.1.4 we have seen that in the nonsupersymmetric case the lack 
of associativity of the fundamental algebra is signaled by the presence of a 
nonvanishing 3-form H. A product has been constructed jH^I so that the terms 
violating the Jacobi identities are proportional to H. The product is then 
automatically associative when the fundamental algebra is. 

In the present case we have shown that the lack of associativity in superspace 
is related to a nonvanishing super 3-form. This suggests the possibility to 
construct a super star product by suitably generalizing Kontsevich construction 
|49| to superspace. The supersymmetric Poisson structure we have constructed 
on superspace can be written in a manifestly covariant form, as in (|1.82(l . in 
terms of a constant matrix and covariant derivatives that have nontrivial torsion, 
or as in (|1.84() . in terms of a coordinate-dependent matrix and torsion free 
derivatives. The second formulation allows for a straightforward generalization 
of Kontsevich construction we outlined in section 1.1.4. However, the same 
procedure can be performed in a manifestly covariant way, and I choose to give 
this second version, so that the geometric interpretation of the results will be 
clear. 

We begin by considering Moyal-deformed product defined in the usual way 



where $ and ^' are arbitrary superfields, and h denotes a deformation parameter. 
In general, due to the lack of (anti)commutativity among covariant derivatives 



(1.101) 
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(see eq. (|1.87ll ). it is easy to prove that the *-product is not associative even 
when the Poisson brackets are. However, inspired by Kontsevich procedure {15] . 
we perturbatively define a modified product ★ with the property to be associative 
up to second order in h when the Jacobi identities are satisfied. Precisely, we 
find an exphcit form for the product by imposing the Jacobi identities (|1.93|l to 
be violated at this order only by terms proportional to H . To this end we define 

= + h'irD aP^^^I) b"^ + —<^(DaP'^^~Db)(DcP'^"~Dd)'^ 

+0{h^), (1.102) 

where 

j^ABC _ pADrp^^C pEB ^_^ye ^ }_pBDrp^^ApEC ^_^^ae+a+b+ab+bc 

_^^pCDp^^BpEA^_-^^^be+a+c+ac+ab^ (1.103) 

Since it is straightforward to show that 
{^i.^)*n - $*(«'*f7) = 

_|ft2(_^)(c+f,)(e+l)+es+c/;^^<j, pAEpBFpCG jj^^^ ^ ^ 
o 

+ 0{h^) (1.104) 

up to second order in h the product is associative if and only if iJ = 0, i.e. 
the fundamental algebra is associative. We note that at this order only the 
contorsion enters the breaking of associativity, being the curvature tensor R of 
order h. 

In j2()j we did not pursue the construction of the star product to all orders in h 
but we believed that in principle there were no obstructions to the generalization 
of Kontsevich procedure to all orders. The extension of the superspace product 
we proposed to all orders in h has been obtained afterwards in |55| . 

We now discuss the closure of the class of chiral superfields under the de- 
formed products we have introduced. For a generic choice of the supermatrix 
P^^ the star product of two chiral superfields (satisfying — 0) is not a 

chiral superfield, both for associative and nonassociative products. However, in 
the particular case where the only nonvanishing components of the symplectic 
supermatrix P^^ are P"^ and P— , chiral superfields are closed both under the 
deformed product defined in Ijl. 101(1 and under Kontsevich star product H1.102|l 
(for the latter up to terms of order 0{h^)). Clearly for P"^ ^ the above star 
products are no more associative. Because of this, it could be problematic to 
generalize for instance the Wess-Zumino model to non(anti)commutative super- 
space, since ($ Tkr $) * <I> 7^ $ Tkr ($ ★ $). However, one may notice that for chiral 
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superfields the above star products become commutative"^. This commutativ- 
ity imphes that there is no ambiguity in putting the parenthesis in the cubic 
interaction term of a deformed Wess-Zumino model, since, when $ is a chiral 
superfield, (<i>*$)Tk:$ = holds. Therefore, the action for the deformed 

Wess-Zumino model 



3 

(1.105) 

is well defined and can be studied. Notice that in this case the 7k— product in 
the kinetic term cannot be simply substituted with the standard product as it 
happens in superspace geometries where grassmannian coordinates anticommute 

Non(anti) commutative N = 2 Euclidean superspace 

From the discussion of d = 4 = 1 superspace it is clear that the super- 
space conjugation relations relating 9" and 0" are strong constraints on the 
non(anti)commutative algebra. The main difference in the description of eu- 
clidean superspace with respect to Minkowski relies on the reality conditions 
satisfied by the spinorial variables. So it is reasonable to hope that in an eu- 
clidean signature structures with a nonvanishing anticommutator between two 
fermions could appear. 

As it is well known |57j , in euclidean signature a reality condition on spinors 
is applicable only in the presence of extended supersymmetry. In |26| we con- 
centrated on the simplest case, the N = 2 euclidean superspace, even if our 
analysis can be easily extended to more general cases. 

In a chiral description the two-component Weyl spinors satisfy a symplectic 
Majorana condition 

{0fy = 0\ = c''0lcp^ , (^"'^)* = 0^,, = 0^^'c^^c,, (1.106) 

where C^^ = — C12 — i. This implies that the most general non(anti)commutative 
algebra can be written as an obvious generalization of p. 7611 with the functions 
on the rhs now being in suitable representations of the R-symmetry group. 
When imposing covariance under (super)translations we obtain that the most 
general non(anti)commutative geometry in euclidean superspace is 



{O?,0^-} = A,''^ , {r^^'^^^l = Af'^-'' , {0^,0"'^} 
iC,^\{0,0) 
f^^\0,0) 

iV°"^f^f\0,0) (1.107) 



•^Generalized star products that are commutative but nonassociative have been considered 
in a different context in |56| . 
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where 







= L-i 






9,6) 


= ^2 


2 ^ 2 




e,e) 






+ 








+ 




9f Af''^ 9^ 


L J I 



9f + e''''Ai"%e^'^ 

J ''J 



(1.108) 



with Ai, A2, B, Ci, C2 and D constant. 

Following the same steps as in the Minkowski case, we can look for the most 
general associative algebra. The results we obtain for associative non(anti)commuting 
geometries in euclidean superspace are 



aa/3, 



or 



: iCl' 
: 

= , 
= 



= 



= 



eta/?, 



(1.109) 

Ai"%e^'^ 



= 



= ic: 



-6fAf-'' 
2 ^ 2 

2 ^2 



/3 y-yaa0,i 



9''c: 



-9TA 



(1.110) 



We notice that in this case associativity imposes less restrictive constraints 
because of the absence of conjugation relations between Ai and A2. As a con- 
sequence, nontrivial anticommutation relations among 0's (or 0's) are allowed. 
Moreover the R-symmetry group of the N = 2 euclidean superalgebra is broken 
only by the constant terms Ci and C2. Setting these terms equal to zero leads 
to nontrivial (anti)commutation relations preserving i?-symmetry. 

Again, explicit expressions for the corresponding graded brackets can be 
obtained as an obvious generalization of (|1.82l ll.83|l . In this case they define a 
super Poisson structure on euclidean superspace. A simple example of a super 
Poisson structure is 



(1.111) 
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We notice that this extension is aUowed only in eucUdean superspace, where it 
is consistent with the reahty conditions on the spinorial variables. 

1.1.7 ^ = I supersymmetry 
Seiberg N — 1/2 superspace 

In this section I will review nonanticommutative N = ^ superspace introduced 
by Seiberg in and I will explain its relation with my results in [221 ■ As I 
have discussed in detail in the last section, in 26 I obtained the most general 
nonanticommutative deformation of c? = 4 iV = 1 superspace compatible with 
supersymmetry and associativity. This involves nontrivial [x, 9], [x, 9] and [x, x], 
while {9, 9}, {9, 9} and {9, 9} cannot be turned on. The situation improves in eu- 
clidean signature, where it is possible to turn on the fermionic anticommutators 
because of the different spinor conjugation relations. Rigorously, a superspace 
with euclidean signature can be defined only with extended supersymmetry, be- 
cause of the impossibility to assign consistent reality conditions to 0" and 9°" in 
N = 1 This is why I have studied the N = 2 euclidean superspace in 26^. 
However, one can formally define an = 1 euclidean superspace by temporarily 
doubling the fermionic degrees of freedom, as it is done by Seiberg in |28j . 

To show how this works, I will first redefine the N — 2 euclidean spinor 
variables Ijl. 106(1 as follows 

na — na na , /la — na , na 

U = Ui — J a = -\- U2 

ga ^ Ql& _ pa . ^ gla _ pa (1.112) 

These satisfy the reality conditions 

{9"y = i9^ ; {9")* = ~i9^ 

(9^)* = -i9°' ; {9a)* = (1.113) 

and analogous for the dotted variables. Dotted and undotted variables are 
unrelated. I will refer to 0" and 9°" as the left-moving sector of the theory and 
to 9°" and 9" as the right-moving sector. This terminology will be clarified in 
section 1.2.4, where the string theory origin of deformed superspaces will be 
discussed. We will see in section 1.2.4 that open string boundary conditions 
relate left- and right-moving fermionic variables on the D-brane {9 = 9 on the 
boundary). As a result, the effective field theory on the brane is described by 
an iV = 1 euclidean superspace with fermionic variables 9°' and 9". For this 
reason from now on I will only consider spinor coordinates in the left-moving 
sector. 

In |26| we have used in both Minkowski and euclidean signature a nonchiral 
representation for superspace covariant derivatives. As a result consistency with 
supersymmetry transformations implied that if we turned on a nonvanishing 
anticommutators between two fermionic variables, also nonzero boson-boson 
and boson-fermion commutators appeared. This made the algebra coordinate 
dependent and forced us to build a complicated Kontevich-like product. 
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A way to obtain a simpler, constant algebra for the supercoordinates is the 
following j58| . In four dimensions it is possible to use a chiral representation 
of supersymmetry, where, for each supersymmetry, one of the two covariant 
derivatives coincides with the ordinary one while the other gets dressed. If we 
make this chiral choice in iV = 2 euclidean superspace, by defining 

Da, = dc, ; D^^da + i9"dac. (1.114) 

corresponding to the supersymmetry transformations 

= -ie"6l" ; 66" = e" ; 60" = e" (1.115) 

we immediately realize that the nonanticommutative algebra 

{6", 9^} = 2P"^ the rest = (1.116) 

with P"^ a constant symmetric matrix, is consistent with (|1.115() and trivially 
associative . One can easily check that, comparing to (|1.87l 11.881 ll.89|) . the 
supersymmetry algebra is not modified by the deformation but the algebra of 
covariant derivatives becomes 

{D^, D^} = ~2P"^d^^dp^ (1.117) 

This is a problem when one tries to construct chiral superfields. So, even if 
this algebra is very simple, it is not suitable for constructing deformations of 
ordinary theories in superspace. 

Seiberg in j^Hl chose the opposite chiral representation with respect to p.ll4|) 

= 9„ + i0"a„d ; Cd=9<i (1.118) 
corresponding to the supersymmetry transformations 

fe"" = -ie"e" ; 69" = e" ; 69" = t" (1.119) 
When we turn on a nontrivial anticommutator between the 0's, we obtain 

{9", 91^} = 2P"^ {r , 6"3} = {9", 9^} = 

[x"",9l^] = -2iP"'^9" 

[x"",x'^f^] = 29"P"'^9^ (1.120) 

This is consistent with supersymmetry and associativity (it is just the 'W = 
1" version of the algebra (|1. 110(1 I gave in i26, and discussed in the previous 
section). This is coordinate-dependent and would require the construction of a 
Kontsevich-like product for the superfield algebra. However, Seiberg observed 
that it is possible to make the change of variables 

y"" =x"" -i9"9" (1-121) 
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In terms of (y"", 9°',9°') the superspace algebra takes the form (|1.116|l and this 
makes it possible to define a Moyal-like associative product acting on superfields 
$ = $(y"", 6*", 61") as follows 

$*5f = $exp(-a'„P"'^'a^)* 

= <^>^ ~<i>'daP"'^~di3-^ -^P^d^^dH (1.122) 

where = P^^Pap- In contradistinction to the bosonic case, this Moyal-like 
product has a finite derivative expansion, because of the grassmannian nature 
of the variables involved in the deformation. 

With the antichiral representation p.ll8|l the covariant derivative algebra is 
not deformed, while the supersymmetry algebra is deformed by curvature terms 
analogous to the ones we found in 1)1.871 11.881 ll.89|l 

{Qa,Qp}=0', {Qa,Qa}—idaa 

{Q&, Q^} = -2P"^da,^dp^ (1.123) 

Since only the dotted sector is modified, in its is argued that only = i is 
preserved. Exactly as in the N = 2 case discussed in the previous section, these 
susy-breaking terms do not affect the supercoordinate algebra, that is consistent 
with supersymmetry. 

In ""28 chiral and vector superfields in = i have been extensively studied. 
In particular, since the covariant derivatives are not modified by the deforma- 
tion, it is possible to define (anti)chiral superfields whose class is closed under 
* and to write down the action for a deformed Wess-Zumino model 



3 7 3 

= S{P = 0) + ^ J d^xP^F^ (1.124) 

where F is the auxiliary field in the chiral multiplet and total superspace deriva- 
tives have been neglected to obtain the last equality. Similarly, one can see that 
the N = ^ deformation of super Yang-Mills is characterized by explicitly susy- 
breaking P-dependent component terms I2HI- Moreover in |2H1 the antichiral 
ring defined by the operator relation [Q^ ,O] = has been studied and it has 
been shown that all its properties are preserved by the deformation, while the 
chiral ring cannot be defined since Qa is not a symmetry of the theory anymore. 



Results in non(anti)commutative field theories 

After Seiberg's paper |2B] appeared, deformed superspaces have attracted much 
attention and a lot of efforts have been done to elucidate the properties of 
nonanticommutative field theories in superspace. This interest is mostly due 
to the fact that nonanticommutative superspaces have been shown to naturally 
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emerge in superstring theory in the presence of R-R backgrounds [231111 EHIESI- 
I will review the string theory side of the story in section 1.2.4. Here I'm going 
to browse the huge bibliography and discuss the main results obtained, without 
giving any detail. I will first discuss the progress in understanding N ~ ^ 
theories. 

In I2H1 the iV = i deformation of WZ and super Yang-Mills theories have 
been proposed. The deformation of WZ model is easy to describe, since in 
component formulation it corresponds to adding to the ordinary action a cubic 
term in the auxiliary field F. In |59l If)?)] some features of the deformed WZ 
model, such as non validity of standard nonrenormalization theorems, stability 
of the vacuum energy and existence of the antichiral ring have been discussed 
through some examples, in both component and superspace formulations. In 
particular, since supersymmetry plays an important role to guarantee renor- 
malization through partial cancellation of UV divergences associated to bosonic 
and fermionic degrees of freedom, it is compelling to study renormalizability 
properties of the N = ^ theory where part of the supersymmetry is explicitly 
broken. 

A systematical analysis of perturbative renormalizability of N — ^ WZ 
model has been performed in |^H1 by explicit calculations up to two loops. It 
has been shown that, even if new divergences appear, the model can be rendered 
renormalizable by adding ab initio F and F^ terms to the ordinary lagrangian. 
It is somehow expected that these terms may accompany the F^ deformation, 
since they are allowed by the symmetry of the theory. These two-loop results 
have been extended to all orders in perturbation theory in both component and 
superspace formulations |61| . The proof of renormalizability has been given on 
the base of dimensional arguments and global symmetries. 

The study of deformations of gauge theories is more interesting than the 
scalar case. N = ^ U (n) gauge theories have been proven to be renormalizable 
in in WZ gauge. This result have been checked up to one loop in in 
component formulation, again in WZ gauge. The study of these gauge theories 
in a manifestly gauge independent superspace setup has been accomplished by 
generalizing the background field method to nonanticommutative case |64| . 

In [HSJ EH = I super Yang-Mills instantons have been studied. 

In [BSJ the problem of constructing a Seiberg-Witten map analogous to 
the one discussed in section 1.2.1 for superfields in deformed superspaces has 
been considered. 

The case with extended supersymmetry has also been considered [701 17T] 
and it has been shown that, while in general N — (1,1) supersymmetry is 
broken to = (5,0), there are particular cases where N = (5,1) survives. 
Moreover, super Yang-Mills theory on extended deformed superspaces has also 
been studied in 

d — 2 N — 2 classical aspects of sigma models characterized by a general 
Kahler potential and arbitrary superpotcntial deformed by a nonanticommuta- 
tive product have been studied in [72i| . 

Finally, the connection between nonanticommutative geometry and super- 
matrix models have been studied in \7'M I74| . 
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1.2 Non(anti)commutative field theory from the 
(super)string 



1.2.1 Noncommutative Yang-Mills theory from the open 
string 

In this section I mostly refer to [7] and show that a constant Neveu-Schwarz 
Neveu-Schwarz (NS-NS) i?-field background modifies string dynamics nontriv- 
ially when D-branes are present. The open string with extrema constrained to 
lay on Dp-branes sees a deformed target-space G^u metric and a noncommuta- 
tive target space coordinate algebra, characterized by a matrix 9^^ . Taking a 
zero slope limit a' ^ in such a way to keep the above open-string parameters 
finite, one can obtain two different effective theory descriptions. Depending on 
the choice of the regularization prescription, one obtains a field theory in ordi- 
nary space where the background field appears explicitly, or a noncommutative 
field theory where the background field only appears implicitly in the noncom- 
mutativity matrix 9^'^ . We are not going to give a review of the basic string 
theory needed in this section. For this we suggest the textbooks |31 12 ■ 



The open string effective metric and noncommutativity parameter 

Let us consider the bosonic sector of open string theory, in a 10-dimensional 
fiat spacetime background with metric g^^, in the presence of a constant NS-NS 
field B^i, and Dp-branes. Let us assume i?oi = 0, where Hs a generic spacelike 
direction and is timelike. This means that we are going to consider a magnetic 
B field. At the end of this section I will briefiy discuss the electric case, to show 
that a zero-slope limit giving a noncommutative effective field theory on the 
brane is not admitted in this case [TB| . 

It is well-known that a constant background B field can be gauged away in 
the bulk, but not on the boundary, on the Dp-brane, where it acts as a constant 
magnetic (or electric) field . If rk(i?) = r, we can assume r < p + 1- We will 
choose spacetime coordinates in such a way that Bij ^ for i , j = 1 , . . . , t" only 
and gij =0 for i = 1, r, j ^ 1, r. The worldsheet action is 

S = j {g^.dax^d^x'' - 2T:ia'B^,e''''dax'dbX^) 

= 7^ / gf^^dax'^d'x" - \ I B^jx'dtx' (1.125) 

where the second equality shows that antisymmetry of e implies that the _B-term 
is a boundary term. S is the (euclidean) string worldsheet, 9S is its boundary, 
dt is the derivative tangent to the boundary dYi. Because of the presence of 
Dp-branes, the boundary term cannot be eliminated. It modifies the boundary 
conditions for the open string in the directions i along the brane 

g^J^nX^ + 2Tna'B,jdtx^a^ = (1.126) 
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where 9„ is the derivative in the normal direction with respect to the boundary 
dT,. In this equation both i and j are along the brane. We observe that for 
-6 = we obtain Neumann boundary conditions, while for maximal B rank 
on the brane and i? ^ oo we get Dirichlet ones. In the latter case the string 
extrema are constrained to a single point on the Dp-brane, since the coordinates 
along the brane that describe them do not move. We can thus think that string 
extrema are attached to a 0-brane on the p-brane. 

From now on we will consider the classical approximation to string theory. 
S is a disk, that can be mapped to the upper half plane, described by complex 
coordinates z, z, because of conformal invariance. The boundary conditions 
(|1.126|) can then be rewritten as 



where d 



dz ' 



g^j{^ - d)x' + 2Tra'B,j{d + d)x^,=s = (1.127) 
d = Im{z) > 0. The propagator {x^ {z)x^ {z')) with the 



boundary conditions H1.127|l is given by [7S] 



{x'{z)x^{z')) = -a' [g'^ log |z - z'| - g'^ log \z - z'\ 



+G'^log|z- 



2'Ka' 



log- 



(1.128) 



where 



= 9i3 - 
2TTa' 



1 



2'Ka'B 



1 



1 



g + 2'Ka' B^ g - 2TTa' B 



{2Ka'Y (Bg-'B) 



1 



g + 2Ka'B 



{2Ka'Y 



1 



-B- 



g + 2na'B g — 2'Ka 



1 



and ( )s, ( )a denote the symmetric and antisymmetric part of the matrix in 
brackets, respectively. The constant quantities D'-' depend on _B, but not on z 
and z' . They can be fixed to a certain value by making use of the fact that B 
is arbitrary. 

We are interested in taking the limit z ^ t E R, z' ^ t' E R in (|1.128|l . 
This is because in the open string case vertex operators are to be inserted on 
the boundary of the worldsheet. Taking the limit one obtains 



{x'{t)x^ (r')) = -a'G'^ log(r - t'Y + -6'^ e{T - r') 



(1.130) 



The function e(r) is 1 (—1) for positive (negative) r. The discontinuity in the 
propagator can be expressed in terms of the function e when convenient values 
for the constants D'^^ are chosen. 

G*-' is interpreted as the effective metric seen by open strings. This can 
be understood by comparing with the closed string case, where the propagator 
between two internal worldsheet points has a short distance behavior given by 



{x'iz)x'{z')) = -a'g'nog\z- z'\ 



(1.131) 



36 



It is clear from (|1.130() that, in the commutative hmit 9^0, the metric G*-' is 
for the open string what g^^ is for the closed string. 

By considering the second term in (|1.13U|1 . we can see that the coefficient 
0*-' can be interpreted as noncommutativity parameter for the coordinates along 
the Dp-brane. In conformal field theory there exists a correspondence between 
time ordering and operator ordering, that in this case gives 

[x'{t),x'{t)] = T {x\t) x^{t-) ~ x'{t) x'{t+)) = i9'^ (1.132) 

The first equality says that the path integral of the time-ordered combination in 
the right hand side corresponds to a matrix element of the equal-time commuta- 
tor between x^ and x^ . So we deduce that the coordinates a;* are noncommuting 
with parameter 6^^ . 

Correlation functions, effective action and Moyal product 

Let us now consider the product of two tachyon vertex operators e'P'^(T), 
e*^'^(r'), with r > r'. By contracting with the two point function H1.130|l 
we obtain the short distance behavior 

e'P-^(T) • e''?-^(r') - (r - ,-')2"'G''P'«^e-^*^"J'*«^e^(P+«'-"^(r') + ... (1.133) 

We observe that in the limit a' ^ the OPE formula reduces to * product 

e'f^(T)e*«-^(r') - e^^'^ * e^^'^r') (1.134) 

Therefore we expect that in the limit a' ^ the theory should be easily de- 
scribed in terms of Moyal product. However, many interesting aspects emerge 
even without taking that limit. 

We have shown that open strings in the presence of a constant B field on a 
Dp-brane can be described not only in terms of the two parameters and B^^ , 
but also in terms of two functions C^^ {g, B;a') and 6^^ {g, B;a'), representing 
the effective metric and noncommutativity parameter seen by the open string 
ending on the brane. 

Now we are going to show that, if we choose to work with the second couple 
of parameters, the dependence of the effective theory on is very simple. The 
theory with a nonvanishing 9 can be obtained from the one with = by 
simply substituting Moyal * products characterized by the noncommutativity 
parameter 9 to ordinary products. This is a general feature, no limit has to be 
taken. 

It is well-known that perturbative string theory requires the evaluation of the 
path integral of vertex operators the generally take the form P {dx, d^x, ...) e'^'^, 
where P is a polynomial in the derivatives of x. Let us now consider the expec- 
tation value of the product of k vertex operators, with momenta p^, ...,p^ and x 
along the Dp-brane. We are interested in determining the explicit dependence 
on the parameter 9, while we would like to keep the dependence on G implicit. 
The two-point function is the sum of two terms, one contains G only, the other 
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contains 6 only. When we contract terms containing derivatives of x, the part of 
the propagator involving 9 does not contribute, because e(T — r') is a constant 
function. So we can obtain the dependence by just taking into consideration 
the contraction between exponentials 

k 
n=\ 

k 

(1.135) 

So the ^-dependence is simply given by the phase factor 

Because of momentum conservation J2nP^ ~ ^ ^^"^ antisymmetry of 9, H1.136|l 
only depends on the cyclic order of the points ti, t„ on the worldsheet bound- 
ary. 

By knowing the S'-matrix of low energy massless particles, one can deduce 
order by order in a' an effective action for the theory. This will be expressed 
in terms of a certain number of functions that in general may have values 
in the space of n x n matrices (think of the nonabelian gauge theory case). $i 
represents the wave function of the i-th field. By looking at H1.129|) one notes 
that B ~ 4^ 9 = 0. So the general form of the effective action for i? = will 
be as follows 

J (F+^x VdctG Tr (a"i$i 5"^$2-.5"'=$fe) (1.137) 

where 9"' stands for the product of partial derivatives with respect to certain 
unspecified coordinates. 

Now it is easy to move on to a theory with B ^ 0. If the effective action 
is written in momentum space, then it is sufficient to insert the phase factor 
(|1.136|) . In configuration space this corresponds to replacing ordinary products 
with Moyal * products (see (|1.31|l l. To conclude, the effective action with B ^ Q 
takes the form 

j df+^x Vd^rr(a"i$i*a"^$2*.-*a"'=$fc) (1.138) 

So we have found an easy way to describe the theory with B ^ Q when knowing 
the one with B = Q. However we must stress that both theories have an equally 
complicated a' expansion. 

The description in the zero-slope Hmit 

The formalism of noncommutative geometry becomes much more powerful when 
the zero-slope limit a' ^ is taken. This is somehow expected from (jl. 134(1 . 
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Gij — 



We would like to take the limit in such a way to keep the open string parameters 
G and 9 finite. This can be done by choosing 

a' ~ ^ 

gij^e^O per i,j = l,...,r (1.139) 
when all the rest is kept fixed (also the two form B). Equation (|1.129|1 becomes 

= /~(2¥^ (-5.9-5)''' per hi = 1, -.r 
1 g^^ otherwise 

-(27ra')2(Bg-iB)y per i, j = 1, r 
gij otherwise 

perij = l,...,r .^^^q. 
otherwise 

The propagator for two points on the boundary becomes 

(x\t)x^{0)) = ^9'^€{t) (1.141) 

For two generic functions / and g we then obtain (see (|1. 134(1 ') 

: f{x{T)) : : g{x{0)) : = : e^''^^^'" f{x{r))g{x{0)) : (1.142) 
and thus 

lim : /(x(r)) : : g{x{0)) : - : f{x{0)) * g{x{0)) : (1.143) 
where * is Moyal product p. 28(1 . 

As a result, correlation functions of exponential operators on the disk boundary 
are given by 

n 

In the general case with n functions /i, /n 

(H fni^i^n))) = / dxhix) * ... * U{x) (1.145) 
n •' 

Adding gauge fields 

Let us now add to the action 1(1.125(1 a term representing the coupling of the 
string worldsheet to a gauge field Ai{x). For simplicity we will take rk(A) = 1. 



-i j dTA, {x)drx'' (1.146) 

Comparing with p.l25() we see that the constant field B can be replaced by a 
gauge field Ai = —^BijX^, whose field strength is F = B. The bosonic string 
coupled to the _B-field background is invariant under the gauge symmetry 

SBf,, = a[^A,] (1.147) 
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modulo boundary terms. These terms can be compensated by the shift 

5A^ = (1.148) 

Therefore, physics will be described by the gauge invariant combination lo ~ 
F + B. 

The action ()1.146|) is invariant under the transformation 

SA, = diX (1.149) 

since the variation of the integrand is a total derivative. 

When we consider a quantum field theory we must pay attention to the 
regularization procedure. Physics of course must not depend on the particular 
choice of regularization! If we choose a Pauli-Villars regularization, we obtain an 
ordinary gauge theory, symmetric under the usual gauge transformation (|1.149|l . 
We can make a different choice, though. We can use a point-splitting regular- 
ization, characterized by the fact that the product of two operators at the same 
point never appears. Actually, one first eliminates the region |t — t'| < S and 
then takes the limit 5^0. Now we are going to evaluate the variation of the 
path integral of the exponential of the action (|1.14t)|l under the gauge transfor- 
mation H1.149() . having first expanded the exponential in series with respect to 
A. The first term in the expansion gives 

- J dTA,{x)drx' ■ J dr'dr'X (1.150) 

Even though the integrand of the second factor is a total derivative, one gets 
a boundary contribution for r — r' = ±5. In the limit 5—^0 this contribution 
takes the form 

- j dT : A,{x{T))drx\T) : : {\{x{t-)) - \{x{t+))) : 

= - j dr : {A,{x) * A - A * A,{x)) drX^ : (1.151) 

To obtain this results one makes use of the fact that there are no contractions 
between drX and x with the constant propagator H1.141|) . Moreover, the relation 
(I1.143|) between operators and * product has been taken into account. 

To cancel out the term (|1.151|) . we have to modify the transformation (|1. 149(1 . 
So we discover that the point splitting regularized theory is not invariant under 
((1.149(1 . but under the new transformation 

SA^^d^X + iX*A^-iA^*X (1.152) 

We recognize the gauge invariance p. 43(1 of noncommutative gauge theories with 
n = 1. We have introduced the "hatted" notation A for fields in a noncommu- 
tative algebra. 

It is possible to show [7] that at a generic order m in the A-expansion of the 
exponential of the action the correct gauge invariance is the noncommutative 
one, when point-splitting regularization is performed. 
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Moreover in T the calculation of the expectation value of three gauge vertex 
operators is performed. The result of this computation could also be obtained 
by considering the following effective action as a starting point 

S-effOc j VdetG G'''G"'Tr (P,j * F,,j,^ (1.153) 
where the field strength can be expressed in terms of A as in H1.43|l . 

We have shown that the same string theory in the limit a' ^ can be either 
described by an effective action corresponding to an ordinary gauge theory or 
by one associated to a noncommutative gauge theory, depending on the choice 
of the regularization procedure. Since physics cannot depend on the way this 
procedure is performed, two results obtained with different regularizations must 
be related by a redefinition of the coupling constants. In the worldsheet action 
the spacetime- valued fields play the role of coupling constants, so we expect 
that commutative and noncommutative effective descriptions should be related 
by a redefinition of these fields. 

A natural guess is that a local map A ~ A{A, dA, d^A, 9) among gauge 
fields and a corresponding map A = A(A, dX, d^X, 6) among the group param- 
eters exists. In section 1.1.2 we observed that noncommutative U{1) group is 
nonabelian. This tells us that such a correspondence cannot exist. Actually, 
the existence of such a map would imply an isomorphism between the ordi- 
nary gauge group and the corresponding noncommutative one. Since an abelian 
group cannot be isomorphic to a non abelian one, the first proposal for the map 
is ruled out. 

However, what is really needed for physics is that the gauge-transformed field 
5\A corresponds to the gauge-transformed field S^A. Therefore it is sufficient 
that 

A{A) + S^A{A) = A{A + 6xA) (1.154) 
and we can look for a correspondence 

A ^ A{A) 

A = A(A,A) (1.155) 

satisfying (|1.154|l . The A-dependence of A solves the problem of the isomorphism 
between the two gauge groups. A relation like (|1.155|) does not imply any 
correspondence between the two group structures. A correspondence of the 
required form was found in [7j (Seiberg-Witten map). It is given in terms of a 
set of differential equations describing how A and A must vary with 9 for the 
physics to remain unchanged. 

The results discussed in this section concerning an open string ending on a 
single Dp-brane can be easily generalized to the case of a stack of n coincident 
D-branes. In this case one obtains a U{n) noncommutative Yang-Mills theory 
as an effective field theory on the brane worldvolume. In section 1.2.2 I have 
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commented on the fact that SU{n), SO{n) and Sp{n) subgroups are not closed 
under Moyal product, so in principle one expects that restrictions to this sub- 
groups should not emerge from the string. Actually, the case of SU (n) is ruled 
out because the U{1) degree of freedom in U{n) ceases to decouple. SO{n) and 
Spin) restrictions can instead emerge, in a very nontrivial way, by orientifold 
projection, as shown in |43| . 



Open string in the presence of an electric NS-NS background and the 
breakdown of unitarity and causahty in time-space noncommutative 
field theories 

In section 1.1.2 I have discussed unitarity and causality problems in noncom- 
mutative field theories with time-space noncommutativity, i.e. with 0'^'' ^ 0. 

In principle we could expect these theories to arise in string theory in the 
presence of D-branes and a constant electric Bqi background. However, the case 
of an electric background field is very different with respect to the magnetic 
one. It can be shown that if the background electric field E exceeds the critical 
upper value Ec, string pairs are produced that destabilize the vacuum. So, if the 
electric field is along the xi direction and the metric is diagonal in the {xo,xi) 
plane with components given by g, the bound is given by 

E < Ee, where E^ = (1.156) 

In |7B] it has been shown that in this case the open string parameters (G, 9) are 
related to the electric field on the brane by the formula 

a'G-^ = ——0 (1.157) 

271 Ec ^ ' 

As before, to obtain the effective field theory on the brane we have to consider 
a zero-slope limit a' — *■ 0. From the previous formula, it is clear that if we want 
to keep the open string metric G finite in the limit, when a' — > then also — s- 0. 
Therefore, it is possible to obtain a field theory description involving massless 
open string modes only, but this will be an ordinary field theory and not a 
noncommutative one. On the other hand, we can keep the noncommutativity 
parameter finite, but then a' must also be finite and we are considering a 
string theory and not a field theory. 

Indeed, in |76j . it has been shown that a limit can be taken where 

^^1 and g ^—^ (1.158) 

and all the other parameters are kept fixed, in particular the open string metric 
G. In this limit 

= 2Tra'G-^ (1.159) 

is finite, so time-space noncommutativity is present. The theory obtained de- 
scribes open strings in noncommutive spacetime (NCOS). Open strings decouple 
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from closed strings, therefore also from gravity. In [77] it has been shown that 
NCOS theory is the S-dual description of strongly coupled, spatially noncom- 
mutative N = A Yang-Mills theory (other works concerning NCOS arc listed in 

CHI). 

We conclude that noncommutative field theory with time-space noncommu- 
tativity does not emerge as a consistent truncation of string theory. Moreover, 
string theory in the presence of an electric background on the brane is unitary 
and acausal effects are not present |15j . So a' corrections to noncommutative 
"electric" field theory restore unitarity and causality. 

It is clear that "electric" noncommutative field theories are missing some 
degrees of freedom, related to the undecoupled massive string modes, that are 
necessary for unitarity and causality of the theory. In 17 it has been shown that 
tachyonic particles are produced in scattering processes of noncommutative field 
theory with 0'^'^ turned on. Form the string theory point of view, these particles 
may be viewed as a remnant of a continuous spectrum of these undecoupled 
closed-string modes. 

1.2.2 Generalization to the superstring in RNS and GS 
formalisms 

In this section I will generalize to the superstring the results obtained in the 
previous section for the bosonic string. In [7| the string with = 1 worldsheet 
supersymmetry (RNS) is considered. In |S3] instead the manifestly target-space 
supersymmetric superstring (GS) is discussed. In both cases the open super- 
string is coupled to a constant NS-NS background in the presence of D-branes. 
I'm not going to give an introduction to these two formalisms for the superstring. 
For this I suggest the textbooks [SlEl 

Open RNS string in the presence of a constant B-field and D-branes 

In [7] the following action for the RNS string coupled to a constant magnetic 
NS-NS background field is considered 

S = / d^z {Bxf'dx. + itlj^'dip. + i^^di^a - 2ma' B,je''''dax'dbX^] 

Aira J 

(1.160) 

In the directions i, j along the brane the following boundary conditions are 
imposed 

<7y {d - d)x' + 27ra'B,j {d + d)x'U=i = 

g,,{iP' - + 27ra'Sy(^J' + 4,^%^-, = (1.161) 

The first condition can be naturally obtained by requiring that there are no 
boundary terms in the Euler-Lagrange equations of motion. The second one, 
involving fermions, is obtained by requiring consistency under supersymmetry of 
the boundary conditions, but cannot be obtained from the action (|1.160|l . Actu- 
ally, one finds an inconsistency when requiring both the vanishing of boundary 
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terms in the variation of the action and the compatibihty of boundary con- 
ditions with supersymmetry. In |79| (see also 80 for a nice summary of the 
methods used) it has been shown that boundary terms can be added to the ac- 
tion Ijl. 160(1 so that the supersymmetric boundary conditions ((1.161(1 foUow as 
boundary contributions to the field equations. Therefore, the theory described 
by the action S + Sb, with 



d^zB^.^^^p'^dc^^P" (1.162) 



and by the boundary conditions l(1.161() is invariant under the rigid = 1 
worldsheet supersymmetry transformations 

Sx' = -277(1/'* + tp^) 
Sip"- = ridx' 

Sip'^TjBx' (1.163) 

where the parameter 77 is a worldsheet spinor and a spacetime scalar. 

In [7j the open string is coupled to a gauge field A by adding to ((1.160(1 the 
following boundary term 

LA = -i J dr {A^{x)drx' - iF^j^'^^) (1.164) 

where Fij — diAj — djAi is the ordinary field strength (we are considering U{1) 
case for simplicity) and 

^-^ = i (V-* + (1.165) 

The variation of ((1.164(1 under the supersymmetry transformations ((1.163(1 is a 
total derivative 



5 j dr {A,[x)drx' - iFi^^-^^) = -2iT^ J drdriA,^') (1.166) 

Exactly as in bosonic case, the theory is regularized by making use of a "point 
splitting" technique and extra boundary terms are produced. Expanding the 
exponential of the action to first order in A we can compute the variation of the 
path integral up to first order in La 

^JdrJ dr' {A.drx'ir) ~ iF.^^f''^^ (t)) {-2ir]dr'Ak'f''iT')) (1.167) 

Extra boundary terms appear when t' — > and r' s- . If the following 
interaction term is added to the action 

j drA, * ^j***^ (r) (1.168) 

the extra terms are cancelled by its variation under ((1.163(1 . So we deduce that 
La must be changed into 

-i j dr [A,{x)d.rx' - i/'.j*'*^) (1.169) 
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being F the noncommutative field strength. If we had performed a Pauh-Villars 
regularization, instead, H1.164|l would have been invariant under worlsheet su- 
persymmetry H1.163|l and we would have ended up with field strength and gauge 
symmetry of ordinary U{1). 

Summarizing, in [7] it has been shown that the RNS open string in the 
presence of a constant B-field and D-branes can be described, in the zero-slope 
limit a' — > 0, either by ordinary gauge theory or by noncommutative gauge 
theory on the brane, depending on the choice of the regularization prescription. 
The two different descriptions are related by a Seiberg-Witten map, as in bosonic 
case. 

In [7^1 a different approach to the problem of coupling a gauge field to the 
open string in the presence of the B field is presented. The coupling to the A 
field is reconsidered in a way to preserve both shift symmetry and supersym- 
metry. A coupling term different with respect to H1.164|l is found that is not 
supersymmetric by itself, but only together with the rest of the action S + Sb 
and after making use of the corresponding boundary conditions. 

Open GS superstring in the presence of a constant B-field and D- 
branes 

The Green-Schwarz superstring has manifest target space N — 2 supersym- 
metry. The target space is a ten dimensional superspace described by the co- 
ordinates {x^,9"^), with i = 1,2. When the theory is coupled to a certain 
background and D-branes are present, in principle target space fermionic coor- 
dinates could be involved in noncommutativity. In |54| , it has been shown that 
this is not true in the simple case of a constant NS-NS background. In this 
case only bosonic coordinates become noncommutative. In section 1.2.4 we will 
see that fermionic coordinates are indeed involved in noncommutativity when a 
constant R-R background is present. 

The action for the GS superstring coupled to a constant NS-NS background 
in flat spacetime is given by 

Sgs = -TT^ / {n,^n'''5^, -I- 2ie'^d,x'^{e^r^d,e' - e^r^d.e^) 

Zna J 

-2e'^ie^T''d,e^){PTf,dje^) + e'^d^x^'d^x'^Bf,^} (1.170) 

where 

U^l ^dixf" -ierf'did (1-171) 

are the supersymmetry invariant one-forms. It is clear from l|1.17()|l that only 
bosonic coordinates couple to B^^^. However, boundary conditions along the 
D-brane must also be considered before we can deduce that fermions are not 
affected by the presence of the background. 

We find that bosonic coordinates must satisfy the same boundary conditions 
we found in the bosonic case H1.126|l . The two fermionic coordinates 6^ and 6^ 
must satisfy 9^ — TbO^ on the boundary, where Tb is a suitable i?-dependent 
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matrix satisfying = 1. So the action H1.170|l with these boundary conditions 
is invariant under the supersymmetry 

S9^e (1.172) 

only if the supersymmetry parameters also satisfy = Fse^. So the D-brane 
breaks half of the supersymmetry. 

In [54 an explicit computation is performed to dermine the coordinate al- 
gebra on the brane. Following the method introduced by Chu and Ho jHJ, the 
authors deal with boundary conditions along the brane by treating them as con- 
straints on phase-space. The presence of these constraints makes it necessary 
to consider Dirac brackets instead of Poisson brackets. Working in a light-cone 
gauge, in |54j it was shown that the fermionic variables surviving the gauge fix- 
ing procedure satisfy a standard anticommutative algebra and only the bosonic 
sector is affected by the presence of the constant NS-NS background, exactly 
as in 13 • So it is clear that if we want target-space fermionic variables to be 
deformed, we must consider a different background. 

1.2.3 Noncommutative selfdual Yang-Mills from the M = 
2 string 

In this section I will briefly introduce the N = 2 string and its peculiar proper- 
ties. Referring to 82 , I will apply the analysis outlined in the previous section 
to the open N = 2 string in the presence of n spacefilling D3-branes and a con- 
stant B field to show that it coincides at tree level with U (n) noncommutative 
selfdual Yang-Mills. 

The N = 2 fermionic string is characterized by an = 2 worldsheet su- 
persymmetry. For the string to be critical, the target space must be four- 
dimensional with signature (2,2). Its propagating degrees of freedom are the 
embedding coordinates x'^ and the RNS Majorana spinors ip'^, fi — 1,2,3,4. 
These matter fields are coupled to the N — 2 supergravity multiplet. Using 
symmetries of the action, one can show that all the gravitational degrees of 
freedom can be gauged away and in superconformal gauge the action can be 
written as follows 

S - ^ d^'^ 77"^ {dc^x'^d^x'' + iVPcdpr) 9^.u (1.173) 

where g^j^i, = Cdiag(+1, +1, — 1, — 1) (C > scaling parameter) is the metric in 
^(2,2) _ ^]^{^ action has a residual symmetry given by the N — 2 superconformal 
group, that also contains rigid N — 2 supersymmetry corresponding to the 
transformations 

5x^ = liV + J^eaV-" 

5^P^' = -ip"a„a;^ei + ij^ p'^d^x" e2 (1-174) 

where is a complex structure compatible with the metric gfi^Jx + J^gxu = 
(with our flat metric J2 = — = Jf = — J| = 1). 
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It has been shown that the open N — 2 fermionic string at tree level is iden- 
tical to self-dual Yang-Mills in 2 -I- 2 dimensions The absence of massive 
states in the physical spectrum is related to the vanishing of all tree-level am- 
plitudes beyond three-point. The vanishing of amplitudes implies the existence 
of symmetries and vice-versa. Since an infinite number of tree-level amplitudes 
vanish, we expect an infinite number of symmetries to be present. These were 
described in 151155] . 

The N = 2 string seems to be a master theory quantizing integrable sys- 
tems. It is well-known that most integrable models in d = 2 and d = 3 can 
be obtained by dimensional reduction from selfdual Yang-Mills. In jHHI a possi- 
ble definition for integrability in d = (2, 2) has been proposed, inspired by the 
peculiar properties of the tree-level S-matrix of the N = 2 string. A system 
in d = (2, 2) would be classically integrable if the n-point tree-level amplitudes 
vanish beyond n — This definition is reminiscent of the one that can be given 
in d = 2 concerning factorization of the S-matrix. 

The N = 2 open fermionic string can be coupled to a two-form NS-NS 
background B field. In ^2 it has been shown that additional boundary terms 
must be added to the action for the boundary conditions obtained from the 
Euler-Lagrange procedure to be = 2 supersymmetric, exactly as in the case 
of the = 1 string [J^I- Moreover, the presence of the second supersymmetry 
implies a nontrivial constraint on the B field. This is the compatibility condition 
with respect to the complex structure Bf^,jJ^ — J'^Bx^ = 0, i.e. B must be 
Kahler. The consistent N = 2 gauge fixed action is then 

S = J d^a[{rj''^g^, + e"^2TTa'B^,)d^x''d0x'' 

+ (<?^, + 2WS^,)ii^^p„a„i^''] (1.175) 

This action functional cannot be obtained from a superspace formulation. 

In [521 it has been shown that the open N = 2 string dynamics in the presence 
of n coincident D3-branes filling the target space is modified by a magnetic B 
field so that the open string sees an effective metric G^y and a noncommutative 
algebra on the brane characterized by a 9^^ parameter. The starting point for 
the analysis is again the expression for the open string correlators (|1.128|) . A 
particular choice of the SO{2, 2) generators allows us to write the matrices J 
and B in terms of the generators of the U{1) x U{1) subgroup of SO{2, 2), so 
that in complete generality the NS-NS field is expressed in terms of the two 
quantities Bi and B2 as 

B12 = —B21 = Bi B34 = —B43 = B2 (1.176) 

In this basis the open string effective metric G'"', noncommutativity parame- 
ter 6"^'' and coupling Gg can be obtained and have expressions similar to the 
corresponding ones for the ten-dimensional string H1.129|l . 

Exactly as in the ten dimensional case a zero-slope limit can be taken that 
keeps the open string parameters finite. In this limit it has been shown that 
tree-level three-string amplitudes can be obtained from the noncommutative 
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version of self-dual Yang-Mills in Leznov gauge (this depends on the choice of 
the Lorentz frame, one can as well obtain Yang gauge). The corresponding 
lagrangian is given by 

£ = hj^^tx * -f ie"^tr ($ * ao<i$ * 4^$) (1.177) 

where G^'^ = e^e^T^""^ is the open string effective metric and d is the corre- 
sponding derivative defined by d(i = e^^c?^. This result is deduced as in the 
ten-dimensional case by noting that the effect of turning on the B-field is the 
multiplication of any open string amplitude by a phase factor H1.136|) . This 
corresponds to replacing ordinary products with Moyal products in the world- 
volume effective field theory. 

As a nontrivial check, it has also been shown that the tree-level four-point 
function for U (n) noncommutative self-dual Yang-Mills in Leznov gauge van- 
ishes. Therefore, the natural deformation of selfdual Yang-Mills in Leznov gauge 
seems to preserve the nice scattering properties of the original, commutative 
theory. We have seen that the vanishing of tree-amplitudes beyond three-point 
defines integrable systems in d = (2, 2) exactly as the factorization of the S- 
matrix is a definition of a an integrable system in = 2. So the result in j82| 
suggests that noncommutative selfdual Yang-Mills is integrable. 

This result will be important for the further developments considered in 
[2Z|, where, in collaboration with O. Lechtenfeld, L. Mazzanti, S. Penati and A. 
Popov, I have constructed a noncommutative version of the sine-Gordon theory 
with a factorized S-matrix, that is obtained as a dimensional reduction of (2, 2) 
selfdual Yang Mills. 

1.2.4 Non(anti) commutative field theories from the co- 
variant superstring 

In this section I would like to discuss the superstring origin of the non(anti)- 
commutative superspaces introduced in sections 1.1.5, 1.1.6, 1.1.7. 

Up to now I have discussed in detail the case of the open bosonic string in flat 
space in the presence of a constant NS-NS background field and Dp-branes and 
I have shown that the presence of the background induces a noncommutativity 
in the brane coordinate algebra. I have generalized this result to the RNS 
superstring, that is characterized by an TV = 1 worldsheet supersymmetry and 
happens to exhibit target space supersymmetry after a consistent truncation 
of the spectrum (GSO projection) is performed. This theory is not manifestly 
supersymmetric in target space. I have also shown how the bosonic results can 
be generalized to the manifestly target-space supersymmetric GS superstring. 
In this case we have seen that the presence of a constant NS-NS background 
does not modify the anticommutators between fermionic coordinates. Finally, 
I have generalized the bosonic string results to the N = 2 string, characterized 
by an = 2 worldsheet supersymmetry. In all these cases a constant NS-NS 
two-form background has been considered. 
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In this section we face the problem of finding a suitable superstring back- 
ground that could induce, in the presence of D-branes, a nonanticommutative 
deformation of target space fermionic variables, exactly as the NS-NS B-field 
induces a deformation of bosonic target space coordinates. So target space must 
be a superspace and thus we need to consider a manifestly supersymmetric ver- 
sion of the superstring. An example of this is the Green-Schwarz superstring 
^ we considered in the previous section. It lives in a ten-dimensional super- 
space and its action is manifestly supersymmetric. Unfortunately, because of 
its complicated worldsheet symmetries, its action in a flat background is not 
quadratic, it cannot be quantized in a Lorentz-covariant way and this renders 
the formalism terribly difficult to handle. 

Recently |30| a new proposal was made for an action describing the ten-di- 
mensional superstring, that is manifestly target-space supersymmetric and is 
quadratic in a flat background*. In this formalism the R-R field strengths are 
all contained in a bispinor P"" where the two indices may have opposite or same 
chirality depending whether we are in IIA or IIB superstring theory. It is natural 
to think that, as much as the Bf^"^ background is related to a noncommutative 
deformation [x'^, x'^] = iO'^" , the P"" background may be related to a {9", 9"} = 
C"" deformation. 

In a series of papers j27l 1281 1581 1^ it has been shown that this is indeed the 
case. In the first three papers the four-dimensional theory obtained from type 
II ten-dimensional superstring compactified on a Calabi-Yau three- fold |86[ I57| 
has been considered, while in the last paper the full ten-dimensional superstring 
theory |30[ 155] has been discussed. I will consider the four-dimensional case 
first, since, compared to the covariant quantization of the superstring in ten 
dimension, the formalism is much simpler in this case, because of the smaller 
amount of manifest supersymmetry. 

The relevant part of the lagrangian density is 

£ = ^dx°"^dxaa+Pad9°' +pad9'^ + pads'" + pad9'^ (1.178) 

where Pa pa Pa and pa are conjugate momenta to the superspace fermionic 
variables 9" 6" 6" and 9" respectively^. We indicate with dots target space Weyl 
spinor chirality and with bars worldsheet holomorphicity. The four dimensional 
action corresponding to H1.178|l describes a free conformal field theory. The 
fields X, 9, 9, p and p satisfy free equations of motion, second order for x and 
first order for fermionic variables. This theory exhibits an = 2 target-space 
supersymmetry^ . 

''An introduction to this formalism will be given in chapter 3. 

^Berkovits covariant formalism is first order for fermionic variables, whose conjugate mo- 
menta are introduced as independent fields. This was first done by Siegel in his approach to 
the GS superstring I8HI 

^It is interesting to note that, if one considers the undotted fermions only, the model can 
be regarded as a topological B-model on euclidean four-dimensional space and the topological 
BRST symmetry is strictly connected to the susy transformations generated by the dotted 
charges and Qa- 
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It is useful to apply to H1.178|l the following change of variables 



yaa ^ ^aa _^ -gaga _^ -gaga 

d^^p^^ ie^'dxc.a - ei^Opde^ + ^^die'^On) (1.179) 

and analogous for qa and c?q. In the first line the reader will recognize the 
change of variables p.l21|) introduced in section 1.1.7 to obtain Seiberg's de- 
formed superspace from my N = 2 non(anti)commutative superspace. This 
transformation was first introduced by Vafa and Ooguri in |27| . In the second 
and third lines I have written the worldsheet versions of the chiral supersym- 
metry charges and superspace covariant derivatives, 

D^^~— ■ D^^- (1.180) 

[Qa, Qa, Da and Da are dressed in this representation). So, q and d repre- 
sent the conjugate momenta to 0's at fixed y exactly as p's represent the same 
conjugate momenta at fixed x. 

The lagrangian (|1.178|) can be rewritten in terms of the new variables as 
follows 

^ = ^dy""dyaa - qad0°' + dadO'^ - qadO" + d^dO'^ + total derivative (1.181) 

In the presence of D-branes, one obtains the fermionic boundary conditions 

ga _ Qa . q^—qa 

9" = 9'^ ; da^ dd (1.182) 

that only preserve half of the supersymmetry, generated by the charges Qa + Qa 
and Qa + Qa- 

It is possible to couple the action to the R-R background described by the 
selfdual graviphoton field strength 

F"'^7^0; F"^ = (1.183) 

Only in euclidean signature it is possible to turn on the selfdual part of the 
super-two-form field strength F"^ while setting the antiselfdual part F"-^ to 
zero. This is the stringy counterpart of the discussion we presented in section 
1.1.5 for nonanticommutative superspaces and works exactly the same way. 

It is possible to show that the background H1.183|l is an exact solution of the 
full nonlinear string equations of motion and that there is no backreaction to 
the metric. This can be seen from the fact that a purely selfdual field strength 
does not contribute to the energy momentum tensor and does not involve the 
dilaton field in its kinetic term. 
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In the action the graviphoton field strength couples to the worldsheet super- 
symmetry currents qa as follows 

j F'^Pq^qp (1.184) 

This is actually the graviphoton integrated vertex operator ^, that in this case 
gives the whole dynamics since there is no backreaction. 

We are interested in the effect of the background on the dynamics, so we 
can concentrate on the {q, q) sector, with the lagrangian 

C = \ {-qje^ ~ q^dr + a'F^Pq^qp) (1.185) 
a 

We can integrate out the fields qa and qa by using their equations of motion 

ar = -a'P-^f^qo (1.186) 
and obtain the eS'ective lagrangian 

-Ceff = f-L) drBe^ (1.187) 

We obtain boundary conditions for both fermionic variables and their derivatives 

ar = -80°' (1.188) 

The first condition breaks half of the supersymmetry on the boundary. The 
second one corresponds to the equality of supersymmetry charges qa = qa on 
the boundary (see the equations of motion ri.l86() . The boundary conditions for 
derivatives of 6 has first appeared in 90 for the GS superstring. In that case 
they were additional, unexpected conditions, required by consistency of bound- 
ary conditions under kappa-symmetry. They were shown not to overconstrain 
the system, because they arise as restrictions of the field equations to the bound- 
ary. In this case instead the effective action (|1.185|) . obtained by integrating out 
the fermionic conjugate momenta, is second order for the fermions. A boundary 
condition for derivatives of 9 naturally arises from requiring that there are no 
surface terms in the Euler-Lagrange equations of motion. 
One can determine the fermionic propagators 

(r(z)0'^^(H) = ^^^iog^ 

Zm z — w 

n-'^F"^ z — w 

(r(z)0''(H)-^^^iog^ 

ZTTZ Z — W 

^In chapter 3 I will give a detailed derivation of the corresponding vertex operator in the 
ten-dimensional case. 
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r(.).-^H) ^^iog (-7")%r^ (1.189) 

On the boundary we get 

(r(r)0'5(r')) = ^^e(r~r') (1.190) 
corresponding to the algebra 

{r,6l^} = a'^F"'' (1.191) 

Since the coordinates y and 9 are not affected by the background couphng, 
they remain commuting. This means that the algebra written in terms of the 
original coordinate x involves nontrivial terms in [x, x] and [x, 0], as required by 
consistency and first shown in my paper |26j. 

In 122] the deformation (|1.191|1 was not welcome. It has been shown that 
when the open supcrstring is also coupled to a constant gluino superfield on the 
boundary, by adding the following term to the action 

jw^qa (1.192) 

the superspace deformation H1.191|l is undone and supersymmetry is restored if 
the gluino fields satisfy the deformed algebra 

{W^.Wp}^F^P (1.193) 

Instead, in |2H1 the supersymmetry-deforming algebra p.l91|l was accepted and 
it was shown that in the zero-slope limit the N — ^ theories we discussed in 
section 1.1.7 naturally emerge in string theory. 

The analysis pursued in was further developed in j53|. In this paper it 
was shown that the constant selfdual background deforms the original N — 2 
superPoincare algebra into another algebra that has still eight supercharges, 
four of which are unaffected by the background. In the presence of a D-brane, 
N = supersymmetry is realized linearly and the remaining A'^ = | is realized 
nonlinearly. This interpretation of the new terms arising in the supersymmetry 
algebra is similar to the original one we gave in |26| . There we didn't consider the 
new terms arising in the supersymmetry algebra as symmetry-breaking terms. 
We considered them as symmetry-deforming terms and we recast them in the 
known form of a q- deformation. 

It is very interesting to note that if both selfdual and antiselfdual field 
strength are turned on, there is a backreaction that warps spacetime to eu- 
clidean AdS2 x S^. The string in this background has been studied in [HI] and 
the structure of the action closely resembles the pure spinor version of the su- 
perstring in AdS^ x jHS] . The action becomes quadratic in the limit i^"^ — > 
resembling the Penrose limit in the ten-dimensional case. N — ^ super Yang- 
Mills on euclidean AdS2 x S"^ has been studied in j92| . 
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A comparison to noncommutativity in the bosonic case is due. First of all, 
we notice that the superspace deformation (|1.191|l vanishes in the zero slope 
limit a' ^ unless we also take the limit F"^ — > oo. This in principle can 
be done since F"^ is an exact solution to the string equations. Moreover, it is 
interesting to note that, in contradistinction to the bosonic case, where the B^^^, 
term only affects the boundary conditions, the F^f^ term only affects the bulk 
equations of motion, ft would be nice to see if there is a duality transformation 
connecting the two cases ^. 

The four-dimensional results in |23 EH] have been generalized to ten dimen- 
sions in 29 . The main difference between the compactified four dimensional 
case and the full ten dimensional case is that a constant R-R field strength back- 
ground, represented by a bispinor P""^ is not a solution of the ten-dimensional 
string equations of motion (full nonlinear type II SUGRA equations), but it is 
only a solution of the linearized equations. Therefore in this case there is a 
backreaction. Nevertheless, it is possible to compute the corresponding vertex 
operator to be added to the action. The resulting theory is not the complete 
sigma model. In [211 it was considered the general case where a NS-NS con- 
stant B^"^, a constant R-R field strength P"" and constant gravitinos 
are turned on. The resulting algebra is characterized by the usual nontrivial 
bosonic commutator induced by _B, a nontrivial anticommutator between 9" 
and 6" induced by the R-R field strength and nontrivial commutators between 
the bosonic coordinate and the two fermionic ones induced by the two graviti- 
nos. It would be nice to perform an analogous analysis in the pure spinor version 
of the superstring in a p-p wave background 194|. In this case the whole sigma 
model action is known that involves a constant R-R field strength coupled to 
fermionic variables in a similar way with respect to H1.187|l . 

After the superspace deformation of a theory is known, one can integrate 
out the fermionic variables to obtain the component formulation of the theory. 
It has been shown in [HZ] that the component formulation of = ^ super 
Yang-Mills theory can be obtained from standard RNS type IIB string theory 
compactified of a Calabi-Yau three-fold in the presence of a constant graviphoton 
background with a definite duality. A graviphoton background can be obtained 
in euclidean space by wrapping a R-R 5-form around a 3-cycle of internal Calabi- 
Yau space. Even if in the general case the RNS is not suitable to deal with 
a R-R background, in the constant graviphoton field strength case there are 
simplifications that allow for the computation of tree- level scattering amplitudes 
on the disk with the insertion of R-R vertex operators. The method used in 
|H7] is intrinsically perturbative, but the results are exact in the a' limit. 
So the nonanticommutative N = ^ super Yang-Mills action in its component 
formulation is recovered from RNS string computations. 



*In inSl S-duality was considered in the context of noncommutative geometry in the pres- 
ence of both NS-NS B-field and R-R potentials. 



53 



1.3 Generalization to non-constant backgrounds 



In this section I would like to discuss some results generalizing the connection 
between string theory and noncommutative geometry to the case of a noncon- 
stant B field. Let us introduce the notation oj = F + B ior the gauge invariant 
combination in terms of which the physics of an open string in the presence of 
Dp-branes, gauge field and background B''^ field is described. The latter will 
not be constrained to be constant from now on. 

We have to consider three possible situations, of growing complexity 

• constant co 

• nonconstant lu, dio = H = 

• nonconstant lu, dio = H 

We have discussed the first case, corresponding to flat D-brane and flat back- 
ground, in sections 1.2.1, 1.2.2, 1.2.3 . Summarizing the results in [7], in this case 
the Dp-brane worldvolume is described in terms of noncommuting coordinates. 
Lu defines an associative symplectic structure associated to the noncommutativ- 
ity matrix 9. In the limit a' —^ physics can be described by an effective theory 
which is a gauge theory deformed by the noncommutative associative Moyal 
product. In the limit a' — *■ the noncommutative parameter 9 is given by the 
inverse of to ('see ll.l40j) . 

The second case has been studied in It describes a physical situation 
with curved Dp-branes in a flat background. The worldvolume deformation is 
decribed by Kontsevich 7k- product, where the noncommutativity parameter is 
given by the inverse of lu, as before. In this case lo is not constant anymore, 
so neither is 9 and the correct product is Kontsevich *. uj~^ is still a Poisson 
structure on the manifold, that now exhibits a coordinate dependence such that 
associativity is satisfied. The formula (|1.145|l . valid in the limit a' 0, is 
generahzed to 



being * Kontsevich associative product. 

The last case, discussed in I^H] , is a further generalization to the case where 
the background is also curved, uj is not a Poisson structure anymore, since 
associativity is lost. This is related to the emergence of a second geometrical 
object playing a role in the physics of the system. This is the 3-form H = dto, 
that has been shown to be the parameter governing nonassociativity. However, 
it is always possible to give a description of the Dp-brane worldvolume in terms 
of a Kontsevich-like product. Noncommutativity is still governed by u!~^ and 
nonassociativity by H. 

In 1^ a metric g^'^ is considered that is a small perturbation from the flat 
metric of section 1.2.1. The string action in a generic curved background is still 
of the form l|1.125|l . where the target space metric is g^'^{x), describing a curved 




(1.194) 
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spacetime. It is possible to expand the action around the fiat spacetime metric 
as follows 

S^So + Si + ... (1.195) 

where So represents the action in a flat spacetime Ijl. 125(1 and Si is the first 
correction due to the presence of a small curvature. 

In situations where a curved background is present, it is convenient to 
choose special coordinates, known as Riemann normal coordinates, defined along 
geodesies in target space starting from — (see for instance ^7\, where the 
normal coordinate expansion of the metric is introduced in the context of sigma 
models and string theory). In terms of these coordinates the Taylor expansion of 
every tensor around x^ — is expressed in terms of covariant tensors evaluated 
at the origin. In particular, the expansion for the metric up to second order in 
X is given by 

9t.Ax) = g^u - ^Rt^p.axPx^ + 0(x3) (1.196) 

where R^i,i,pa is the curvature tensor. The analogous expansion for the B field, 
in radial gauge, is 

B,j{x) = B,j + ^H,,kX^ + ^^iH.jkX^x^ + 0(a;3) (1.197) 

with H = dB. 

In j96j a first order approximation in x is applied. The action considered is 

S = Sa + Si+SB (1.198) 

where + Sb is the action 11.125|l for flat g and constant B, while Si is the 
first order correction in x, deriving from the B expansion Ijl. 197(1 

Si^-'- f H,,kx''e"'''dax'dbx' (1.199) 

Si is treated as an interaction term with respect to the free theory, described 
by the action Sq. 

The perturbative analysis with the interaction gives the following results. 
In the limit a' ^ correlators are expressed in a form analogous to 1(1.194(1 

(H (a^(^O)) = / V{oj) <F+^x ifi . ... . /„) (1.200) 

where • is Kontsevich-like nonassociative product, whose definition is completely 
analogous to ((1.611 [lH^ . with P{x) = u!~^{x). The relation 1(1.56(1 is not valid, 
though, for the noncommutativity parameter P = u!~^ and the violation of 
associativity is proportional to the 3-form H as follows 

{f<9)<h-f.{g.h)^ \p"-P^^P'''H„,^A.fd,gdkh + ... (1.201) 
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Note that H1.200I) is problematic, because of the nonassociativity of •. It is 
necessary to specify the positions of the points on the boundary of the disk, 
so invariance under cychc permutations is lost. 
The coordinate algebra is given by 

[x\x^], =iP'^{x) (1.202) 

showing that the role played by the two-form cu is unchanged in the general 
curved case. The relations concerning the nonassociativity of the coordinate 
algebra are instead 

{x' • x^) •x''^x'» {x^ • x^) = -P'^'P^^'P^^H^^i (1.203) 



[x\ [x\x%], + [x\ [x\x%], + [x^ [x\xW, = -P™P^"P^-'i/„„, (1.204) 

These formulas further clarify the role played by the 3-form H as the parameter 
governing nonassociativity. 

The deep relationship between spacetime geometry and nonassociativity on 
the D-brane worldvolume discovered in |96| is very interesting, showing that 
nonassociative geometry also plays a role in the new developments regarding 
spacetime pioneered by string theory. 

It would be nice to generalize the results discussed in this section to the 
manifestly target space supersymmetric string (in Green-Schwarz or Berkovits 
formalism) to see whether a Kontsevich-like product similar to the one I pro- 
posed in |26| . in collaboration with D. Klemm and S. Penati, may emerge in the 
presence of a nontrivial super-three-form field strength background . 

It would be also interesting to consider a generalization of the discussion 
presented in section 1.2.4, where the R-R field strength is not constant. In 
particular, when the R-R field strength has a linear dependence on the bosonic 
coordinates, it would be nice to investigate whether Lie algebraic deformed 
superspaces, characterized by the fermionic anticommutators 

{e'^,e^} = -tfx^' (1.205) 

can appear. These kind of superspace was first studied in [33], in a different con- 
text. There, the authors considered the possibility that bosonic spacetime had 
a fermionic substructure, given by the relation H1.205|) . In [32], in collaboration 
with P. A. Grassi, I have started to consider this problem by computing the 
vertex operator for the Berkovits covariant superstring for a R-R field strength 
with a linear dependence on the bosonic coordinates. This will be discussed in 
detail in chapter 3. 
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Chapter 2 



Noncommutative 
deformation of integrable 
field theories 

2.1 A brief introduction to selected topics con- 
cerning two-dimensional classical integrable 
systems 

Disclaimer: This section is not a thorough introduction to the vast field of in- 
tegrable systems. I will only review topics needed in the two following sections, 
where my study of the noncommutative sine-Gordon system will be presented. 
In most cases I will not give details and I will just give references for the inter- 
ested reader. Moreover, for any single topic in this section I will exhibit a single 
example, the ordinary sine-Gordon model. 

2.1.1 Infinite conserved currents and the bicomplex ap- 
proach 

In classical mechanics a system described by n degrees of freedom is completely 
integrable when it is endowed with n conserved currents. In classical field the- 
ory, a system with an infinite number of local conserved currents is also said 
to be integrable. This is a property of the equations of motion. For some 
integrable system an action is also known that generates the equations by an 
Euler-Lagrange procedure, but this is not true in general. Indeed, it is true for 
the sine-Gordon model that I will consider in the rest of this chapter. 

By making use of the bicomplex technique it is possible to construct 
second order differential equations that are integrable. Moreover, with this 
approach it is very easy to generate the corresponding conserved currents by an 
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iterative procedure. 

In this section we use euclidean signature and complex coordinates 

z=^(x°+ix'^) ; z = ^(x°~ix'^) (2.1) 

A bicomplex is a triple {Ai, d, 6) where A4 = ®r>o-M^ is an iVo-graded associa- 
tive (but not necessarily commutative) algebra, is the algebra of functions 
on and d, 6 : are two linear maps satisfying the conditions 

d^ ^ = {d, 6} = 0. Ai^ is therefore a space of r-forms. Let us consider the 
linear equation 

= Id^ (2.2) 

where I is a real parameter and ^ G Al'* for a given "spin" s. Suppose a nontrivial 
solution ^ exists. Expanding it in powers of the given parameter / as 

oo 

l-^re^') (2.3) 

i=0 

one obtains the following equations relating the components G Ai^ 

= ; 5^^'^ = d^^'-^^ , i>l (2.4) 

Therefore we obtain the chain of (5-closed and 5-exact forms 

EE = 6^'-'+^^ , z > (2.5) 

For the chain not to be trivial must not be 5-exact. When the two differential 
maps d and S are defined in terms of ordinary derivatives in R^, the conditions 
d^ = = {d, 6} = are trivially satisfied. Therefore, the possibly infinite 
set of conservation laws (|2.4|l is not associated to any second order differential 
equation and it is not useful for our purpose. 

However, it is possible to gauge the bicomplex by dressing the two differential 
maps d and 6 with the connections A and B as follows 

Dd = d + A ; Ds = S + B (2.6) 

The flatness conditions Dj^D'j^ {Dd, Dg} = are now nontrivial and give 
the differential equations 

J'iA) = dA + A^ = 
T{B) =SB + B'^ = 

g{A,B) = dB + 6A + {A,B} = (2.7) 
Exactly as before we can consider the linear equation corresponding to H2.2|l 

= {Ds - lDd)C = (2.8) 
The nonlinear equations H2.7(l are the compatibility conditions for 1)2. 8|1 

= V^C= [J^{B) + PT{A) - ig{A, B)] ^ (2.9) 
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Supposing that the hnear equation (|2.8|l admits a solution ^ £ M.'^ and expand- 
ing it as ^ = YlTLu l^S}-^^ , one obtains the possibly infinite chain of identities 

i?5e^°)=0 ; Z?5^« - , i>l (2.10) 

fi'om which D^-closed and D^-exact forms S*^*-' can be constructed, when is 
not (5-exact. Therefore, with a suitable choice of A and B, it is possible to con- 
struct interesting second order integrable differential equations from (|2.7|l and 
their conserved currents from H2.10|l . In general the currents ^'■*'are nonlocal 
functions of the coordinates, since they may be expressed in terms of integrals, 
but it is possible to extract local currents from them that have a physical mean- 
ing. 

As an example, we can derive the ordinary sine-Gordon equation from this 
formalism. Let Ai = Aio iS) L, where Mq is the space of 2 x 2 matrices with 
entries in the algebra of smooth functions on ordinary and L = ®1^qL^ 
is a two-dimensional graded vector space with the basis (r, a) satisfying 

= cr^ = {r, cr} = 0. If we take the differential maps 

Sf = dfT-R,fa ; df = -S,fT + dfa (2.11) 

with commuting constant matrices R and S, then the conditions cP = 6^ = 
{c?, (5} = are trivially satisfied. 

To obtain nontrivial second order differential equations we can gauge the 
bicomplex by dressing d as follows 

Ddf = G-^d{Gf) (2.12) 

with G generic invertible matrix in A^o- The condition = is trivially sat- 
isfied, while {6, D(i} = yields the nontrivial second order differential equation 



d (G-^dG) = [R, G-^SG] (2.13) 



With the choice 



R ^ S 

and taking G G SU (2) as follows 



COS ^ sm ^ 



G = et-* = [ I) (2.15) 

\— sm2- cos 

we obtain the sine-Gordon equation from the off-diagonal part of the matrix 
equation (|2.12|) 

a9$ = 47sin$ = (2.16) 

The diagonal part instead gives an equation which is trivially satisfied. 

From this derivation it is clear that the bicomplex approach can be naturally 
extended to noncommutative space, by replacing ordinary products with Moyal 
products in the whole discussion. In particular Dd = d + A* and Dg ^ 5 + 
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and equations 1)2. 7|l are generalized accordingly. This will be discussed for the 
sine-Gordon model in section 2.2.4. 

Since in the noncommutative case the group SU (2) is not closed any more 
and must be extended to U{2), as we have seen in section 1.1.2, it is natural 
to expect that the noncommutative generalization of this construction for the 
sine-Gordon equation will be nontrivial. 

2.1.2 Reductions from selfdual Yang-Mills 

The self-duality equations for Yang-Mills fields in with signature {+ + ++) 

or i+ + — ) cni 

if pp<^ — p 

F^, = d^A, - d.Af, + [A,,, A,] (2.17) 

are a famous example of nonlinear integrable equations in four dimensions. For 
SU{n) gauge theory the potentials A° are real. It is possible to consider an 
analytic continuation of into complex space parametrized by the complex 
coordinates y, y, z, z. The selfduality equations l|2.17|l can be rewritten in the 
form 

Fy^ = Fy, = ; Fyy i F,, = (2.18) 

where the last sign is + is the euclidean case and — in the kleinian case. The 
first equation in (|2.18|) implies that the potentials Ay, Az {Ay, Ag) are pure 
gauges for fixed y, z (y, z), therefore two n x n complex matrices B and B can 
be found such that 

Ay = B^^dyB ; Az = B^^d^B 

Ay = B-^dyB ; Az = B-^d^B (2.19) 

Defining J — BB^^ e SL{n, C), the last equation can be rewritten as 

dy{j-^dyj) ± dz{j-^dzJ) = (2.20) 

describing selfdual Yang-Mills in Yang formulation. This equation resembles 
the sum of two WZW model equations (see section 1.1.3) involving {y,y) and 
(z, z) variables, respectively. Therefore Yang equation (|2.20|l can be obtained 
from the following action 

S = J d^yd^ztr{dyJdyJ-^)- J cfycfz dpti(^J-^dpJ[J-^dyJ,J-^dyJ]^ 

+ J d^yd^z iT{dzJd-z.r^) ~ J d^yd^z J dp tr [.r^dpJ[J~^dzJ , .r^dzJ]) 

(2.21) 

where J{y, y, z, z, p) is a homotopy path satisfying J{p = 0) = 1 and J(p = 1) = 
J. 
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Ward conjectured that all integrable equations in d = 2 can be obtained as 
dimensional reductions of selfdual Yang-Mills equations |127| , so that the latter 
play the role of a universal integrable system. Since then the conjecture has been 
tested on many integrable systems |118) whose Lax pair can also be obtained 
by reduction from the one associated to the selfduality equations H2.17|l . The 
kleinian case is particularly interesting because of its connections with the iV = 2 
string, discussed in section 1.2.2. 

Reductions are obtained by requiring invariance under any arbitrary sub- 
group G of the group of conformal transformations of R^^^^^ (or R^'^^^)). After- 
wards algebraic constraints can be applied to the arbitrary matrices involved 
in the equations to obtain known integrable models. In most cases invariance 
under translations in certain directions is required. Therefore it is clear that 
there are many more possibilities in reducing selfdual Yang-Mills in R(^'^) with 
respect to the euclidean case, since, instead of requiring invariance under the 
usual complex coordinates 

V2y ^ + ix^ ; V2y = x^ — ix^ 

%/2z = x^ + ix^ ■ V2z ^x^ - ix^ (2.22) 

(combining space with space and time with time), in the kleinian case one can 
also require invariance with respect to light-cone coordinates 

s=\{x'-x') ; t=\{x'+x^) 

u=]^{x^-x^) ; v^]^{x^+x^) (2.23) 

(combining space and time). 

As an example I will show how ordinary euclidean sine-Gordon model can 
be obtained from selfdual Yang-Mills equations. 

The euclidean version of Yang equation H2.20|l gives the sine-Gordon equation 
if one choses 

5 = . B = ei''' (2.24) 

where $ = ^{y,y). In fact one finds that the field $ satisfies (|2.1()l) with 
47 = -1. 

It will be also useful to know that the sine-Gordon equation can be obtained 
from kleinian selfdual Yang-Mills equations through a two-step reduction pro- 
cedure. First of all one requires independence of Yang equation H2.2()|l under 
one of the real coordinates 2:*, reducing to the 2 + 1 model 

(^f- + K»e"^")5^(J"'a,J) - (2.25) 

where Va is a constant vector in spacetime. A nonzero Va breaks Lorentz in- 
variance but restores integrability when it is spacelike and with unit length 
(nonlinear sigma models in 2 -I- 1 dimensions can be Lorentz invariant or inte- 
grable but not both 11271 ). From this equation, in the case Va = (0,1,0), we 
can make a further reduction 107 by choosing 

J=( ?J t sm f \ ^ ^^^2) (2.26) 

y_g2-^ sm-^ cos 2" / 
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with <I> depending on only two coordinates with different signature. As a result, 
we obtain the sine Gordon equation in 1 + 1 dimensions for the field 

2.1.3 Properties of the S-matrix 

In section 2.1.1 we have seen how to construct nonlinear differential equations 
in two-dimensions with the property of having an infinite number of conserved 
currents. We have also said that from that construction it is possible to extract 
conserved currents that are local and thus have a physical meaning. In this 
case the corresponding equations are called integrable. Moreover, we have seen 
an example of two-dimensional integrable system, the ordinary sine-Gordon 
equation. 

The S-matrix of a two-dimensional theory with an infinite set of conserved 
currents that are local and yield conserved charges which are components of 
Lorentz tensors of increasing rank enjoys several nice properties. 

• The general multiparticle S-matrix is elastic, i.e. the number and set of 
momenta of particles of any given mass remains the same before and after 
the collision. 

• Any multiparticle S-matrix factorizes into a product of two-particle S- 
matrices. 

• These two-particle S-matrices satisfy a cubic equation that in most cases 
is sufficient to obtain exact expressions for them (unitarity must be used, 
though!). The sine- Gordon model is one of these cases. 

These are of course very nice properties. Indeed, the task of computing the 
general S-matrix considerably simplifies, since it reduces to determining only 
the two-body S-matrix. 

I'm not going to give a proof of this theorem. The interested reader can for 
instance refer to |l(JUj . The key ingredient in the proof is the sufficient complex- 
ity of the conserved charges (i.e. the growing Lorentz rank). However, locality 
is strongly used and its is unclear whether the kind of nonlocality introduced 
by the * product can be a problem. As we discussed in section 1.1.2, unitar- 
ity and causality problems arise in theories with noncommutating time, such 
as 1-|-1 theories, together with a general breakdown of the quantum mechanics 
framework. 

In my paper |36| , an explicit example of a noncommutative two dimensional 
theory with an infinite number of conserved currents that does not have a factor- 
ized S-matrix was constructed. Therefore, it seems that the theorem cannot be 
trivially extended to noncommutative case. However, in my paper |87j . a non- 
commutative two-dimensional system which is integrable and has a factorized 
S-matrix was constructed. It might be that a nontrivial interplay between inte- 
grability and causality drives a system to exhibit or not a factorized S-matrix. 
These issues will be discussed in the rest of this chapter. 



62 



2.1.4 Solitons 



The name soliton refers to solutions of nonlinear equations that represent a 
localized packet travelling without changing shape or velocity and preserving 
these properties after collision with other packets. In complicated equations 
containing nonlinear and dispersive terms, the existence of this kind of solution 
is a highly nontrivial property, due to a special balance between the effects of 
these two kinds of contributions. 

A very famous example of a system displaying this kind of classical solutions 
is the sine-Gordon model. It can be shown that this system, described by the 
equation of motion (|2.1t)|l . admits the following static finite-energy solution 

$ oc tan~^[exp(a; - xq)] = $soi(a; - a;o) (2.27) 

(soliton) and the corresponding one (antisoliton) obtained by the discrete trans- 
formation $ ^ — $, which is a symmetry of the system. Moving solutions can 
be obtained from static ones by Lorentz transformation. A third kind of so- 
lution is present, called doublet or breather solution, which can be interpreted 
as a bound system made of a soliton- antisoliton pair. For a detailed derivation 
of these solutions the reader should refer to [l.D„0| . It can be shown by study- 
ing exact time-dependent solutions representing scattering of solitons that the 
colliding solitons do not change shape or velocity after collision. From direct in- 
spection of these scattering solutions, representing two (or more) (anti)solitons 
far apart and approaching with a relative velocity, it is clear that the only effect 
of the collision in the distant future is some time delay (see 

Solitons solutions are not present in any scalar field theory with a potential 
bounded from below in spatial dimension greater than two, as the energy of 
any field configuration can always be lowered by shrinking. This follows from a 
simple scaling argument by Derrick |101| . 

Let us consider a theory for a single scalar field in D+1 dimensions for 
simplicity (the discussion can be easily extended to a set of N interacting scalar 
fields), described by the standard relativistic lagrangian. The corresponding 
energy functional for static configurations is 

E=^J d^'x Q(5$)2 + Vi<f)^ (2.28) 

Let ^a{x) be an extremum of (|2.28|l . Consider the energy of the configuration 
$a(.t) = M^x) 

E{\) ^Ljd^^ QA2-^(a$o(x))2 + A-^V^(<i>o(x))^ (2.29) 

Since we assumed that ^o{x) is an extremum, we require ^^J^^ \ = 0. This 
gives the equation 

7 J (^^^ ~ 2)(a$o(x))2 + i?l/($o(x))^ = (2.30) 
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If the potential V is bounded from below by zero and D > 3, than kinetic and 
potential terms in this equation must vanish separately and thus no nontrivial 
space-dependent solutions are admitted. In the case D = 2 one obtains that 
V{^o{x)) = 0. If V has only discrete minima, then also in _D = 2 no time- 
dependent solutions are allowed. However, when V has a continuos set of minima 
(in the case with more than one scalar field) , possible space-dependent solutions 
are permitted. 

Notice that this proof is not valid when higher derivative terms are present 
and when the scalar field is described by a nonrelativistic lagrangian. Moreover, 
only static solutions are excluded, while time-dependent ones are allowed. 

2.2 Deforming an integrable field theory: The 
sine-Gordon model (a first attempt) 

2.2.1 Noncommutative solitons 

In this section I will mostly refer to the ICTP lectures by R. Gopakumar |llj . 
To the interested reader, I also suggest the lectures by N. Nekrasov ^21 and 
by J. Harvey Since the literature concerning noncommutative solitons is 

vast, I only give a partial list of references in |1(J2| . To this, one should add 
references |103l 11041 11051 HUB] where solitons of a specific 2-1-1 integrable model 
are studied, which are related the noncommutative sine-Gordon solitons in my 
work PZI that will be discussed in section 2.3.5. 

A quite universal feature of noncommutative field theories is that they admit 
classical finite energy soliton solutions that have no counterpart in local field 
theories. This novel soliton solutions are more or less insensitive to the details 
of the specific theory considered, so in this section I will consider the scalar 
theory in 2-1-1 dimensions for simplicity, with only spatial noncommutativity. 

In section 2.1.5 we have seen that ordinary scalar theory, with a standard 
relativistic lagrangian and a potential with a discrete set of minima, does not 
have any localized solution in spatial dimension greater than one IQli (see 
section 2.1.5). In the following we will see that spatial nonlocality induced by 
noncommutativity allows for the presence of novel localized solutions that vanish 
in the commutative limit. 

Consider the energy functional for static configurations 



where z, z are complex coordinates in the two dimensional noncommutative 
space and * is the corresponding Moyal product. As we have seen in section 
1.1.1, integrated quadratic terms are unaffected by Moyal product, so only the 
potential term is modified with respect to the ordinary theory. Since wc know 
that for 9 = there are no solitonic solutions, we will first consider the limit 
6* — > oo. It is useful to rescale the complex coordinates z zVO, z — > \/6, so 




(2.31) 



64 



that the * product does not depend exphcitly on the deformation parameter 
and the energy functional becomes 

E=-^ j d^z + 6V{^).,) (2.32) 

where all the 9 dependence is in front of the potential term. In the limit 9 ^ oo 
the kinetic term is negligible with respect to the potential term, at least for local- 
ized configurations varying over a size of order one in the rescaled coordinates. 
Therefore, we will look for solutions of 




(2.33) 



For instance, in the case of a cubic potential, one has to solve the equation 

m2$ + 63$*$ = (2.34) 
In the commutative case this equation would only admit the constant solutions 



$ = A, (2.35) 

where \i are the cxtrema of the function V{^). 

Nonlocality introduced by Moyal product allows for more interesting solu- 
tions. Recalling the Weyl-Moyal correspondence we introduced in section 1.1.1, 
relating functions in a noncommutative algebra to operators in a suitable Hilbert 
space, we see that functions $(z, z) satisfying $ * $ = $ exist and correspond to 
projectors P, = P, in the Hilbert space. Therefore it is clear that $ — XiP 
is a solution of (|2.34|) when P is a projection operator on some subspace of the 
Hilbert space and is an extremum of V. Since integration over coordinates z, 
z corresponds through the Weyl-Moyal correspondence to trace over the Hilbert 
space, the energy functional in operator language is 

E = '^V{K)iiV (2.36) 
9 

The most general solution to (|2.34|) is 

$ = ^afcPfc (2.37) 

k 

where the coefficients ak are chosen among the ordinary constant extrema A^ of 
T/($) and Pk are mutually orthogonal projection operators. 

To understand the physical meaning of the solutions we have found, we have 
to go back to configuration space. One finds that the solutions (|2.37|l are radially 
symmetric in space and with an r-dependence given by 

oo 

^a„0„(r2) (2.38) 

n=0 
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where 



0„(r2) = 2(-l)"e-'-'L„(2r2) 



(2.39) 



and Ln{x) is the n-th Laguerre polynomial. The simplest solution (j)o{r) is 
a gaussian. Moreover, non radially symmetric solutions can be generated by 
noting that the action in the limit — > oo has the U{oo) symmetry $ U^W , 
where [/ is a unitary operator acting on the Hilbert space. It can be easily proven 
that radially symmetric solutions are stable against small fluctuations when they 
are constructed around a local minimum configuration of the potential V and 
that non radially symmetric are stable too, since U{oo) rotations do not change 
the energy. So stable solitons are present when the potential has at least two 
minima. 

The U{oo) symmetry is broken when ^ corrections are taken into account 
(i.e. the kinetic term is not negligible anymore). Most of the infinite solutions 
we found in the 9 = oo case disappear, but it was found that an interesting 
finite dimensional moduli space remains. 

Finally, I would like to discuss the connection between solitons in noncom- 
mutative field theory and D-branes. Actually, these solitons are the D-branes 
of string theory manifested in a field theory. Therefore, their study allows for 
probing stringy features in the more controlled context of field theory. 

An example of a stringy application of our discussion of solitons in scalar 
noncommutative field theory is in the context of tachyon condensation. It is 
well-known that bosonic string theory is unstable because of the presence of 
a tachyonic scalar field T. The effective action for the tachyon field can be 
obtained by integrating out massive string fields and is expected to take the 
form 

S^^J d^'^Vg (^IfW^d.^Td^T - V{T) + . . . ) (2.40) 

where higher derivative terms and terms involving massless modes have been 
neglected. V{T) is a general potential with an unstable extremum at T = Tq 
and a minimum chosen to be 1^(0) = 0. As we have seen in section 1.2.1, turn- 
ing on a B-field is equivalent to replacing the closed string metric 5^"^ with the 
effective open string metric G^'^ and ordinary products with Moyal products in 
(I2.4U|) . In the zero-slope limit derivative terms can be neglected. The solitons 
of the theory obtained in this limit are the noncommutative solitons we studied 
before. For instance the gaussian solution T = TQ(j>o{r) localized in two of the 
noncommutative directions is a candidate for the Z)23-brane. These solitons dis- 
play the same instability of the corresponding D-branes, since they correspond 
to an extremum of V(T) that is a maximum. 

From this brief discussion it should be clear that noncommutative field the- 
ories exhibit stringy features, such as D-branes, in the simpler context of a field 
theory. Therefore, their study can be helpful in the understanding of many 
string theory issues and tachyon condensation is just one example among these. 
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2.2.2 Noncommutative deformation of integrable field the- 
ories 



As we have seen in chapter 1, bosonic noncommutative field theories display 
a variety of interesting properties but also problematic features, when time is 
involved in noncommutativity. In this context, an interesting question is how 
noncommutativity could affect the dynamics of exactly solvable field theories, 
as for instance two-dimensional integrable theories. As we have seen in section 
2.1.1, a common feature of these systems is that the existence of an infinite 
chain of local conserved currents is guaranteed by the fact that the equations of 
motion can be written as zero curvature conditions for a suitable set of covariant 
derivatives |108[I109| . In some cases, as for example the ordinary sine-Gordon or 
sigma models, an action is also known which generates the integrable equations 
according to an action principle. 

Constructing a consistent noncommutative generalization of a two-dimen- 
sional theory is a particularly challenging problem though, since, when working 
with a Minkowski signature, time must be necessarily involved in noncommu- 
tativity. 

Noncommutative versions of ordinary models are intuitively defined as mod- 
els which reduce to the ordinary ones when the noncommutation parameter 
9 is removed. As we discussed in detail for the specific example of the free 
massless scalar field theory in section 1.1.3, in general noncommutative general- 
izations are not unique as one can construct different noncommutative equations 
of motion which collapse to the same expression when 9 goes to zero. For two 
dimensional integrable systems, a general criterion to restrict the number of 
possible noncommutative versions is to require classical integrability to survive 
in noncommutative geometry. This suggests that any noncommutative general- 
ization should be performed at the level of equations of motion by promoting 
the standard zero curvature techniques. This program has been worked out for 
a number of known integrable equations in Refs. |ll()l llll] . 

In chapter 1 we have discussed how noncommutative theories naturally arise 
in the context of string theory. In particular, in section 1.2.2, we have shown 
how the open N = 2 string in the presence of a constant NS-NS background 
and a stack of n D3-branes can be described, in the zero-slope limit, by U{n) 
noncommutative selfdual Yang- Mills theory. Tree-level S-matrix computations 
show that the vanishing of amplitudes beyond three point, which is characteris- 
tic of ordinary selfdual Yang-Mills, is preserved in the noncommutative theory, 
suggesting that noncommutative selfdual Yang-Mills, as its ordinary counter- 
part, is endowed with classical integrability. In section 2.1.3, we have seen that 
many ordinary integrable models in two and three dimensions can be obtained 
through a dimensional reduction procedure from selfdual Yang-Mills. From 
all this it is clear that dimensional reduction from noncommutative selfdual 
Yang-Mills could be another useful technique to generate possibly integrable 
noncommutative systems in 1+1 and 2+1 dimensions. 

It is well known that in integrable commutative field theories there is no 
particle production and the S-matrix factorizes. A priori the same relation be- 
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tween the existence of infinite conserved charges and factorization properties 
of scattering processes might be lost in the noncommutative case. Nonlocahty 
in time, responsible for acausal behavior of scattering processes and non uni- 
tarity, may interfere in a way to spoil these nice scattering properties. On the 
other hand, one may also hope that classical integrability would alleviate these 
pathologies arising when time-space noncommutativity is present. In any case it 
would be nice to construct a noncommutative generalization of a given ordinary 
integrable theory characterized by a well-defined and factorized S-matrix. 

Finally, as we have seen in section 2.1.5, two-dimensional integrable field 
theories admit soliton solutions. In the noncommutative case, as we have seen 
in section 2.2.5, a new kind of soliton appears that vanishes in the commutative 
limit. The class of soliton solutions of the noncommutative version of an inte- 
grable field theory is expected to display both solitons that reduce to ordinary 
ones in the commutative limit and new solitons that vanish in the limit. 

2.2.3 The natural noncommutative generalization of the 
sine-Gordon model 

In my papers [361 137| . in collaboration with M.T. Grisaru, O. Lechtenfeld, L. 
Mazzanti, S. Penati and A.D. Popov, continuing the program initiated by M.T. 
Grisaru and S. Penati in 34 , I have addressed the problem of generalizing the 
sine-Gordon theory to noncommutative space. 

The main motivation for this work was the evidence that the natural defor- 
mation of this theory, described by the action 

S=^ J (fz - 27(cos* $ - 1)] (2.41) 

with the corresponding equations of motion 

99$ = 7 sin* $ (2.42) 

is affected by some problems both at the classical and the quantum level. 

At the classical level it does not seem to be integrable since the ordinary 
currents promoted to noncommutative currents by replacing the products with 
*-products are not conserved |34| . Moreover, we don't know how to find a 
systematic procedure to construct conserved currents since the equations of 
motion cannot be obtained as zero curvature conditions (a discussion about the 
lack of integrability for this system is also given in Ref. |112) '). 

Scattering properties of the natural generalization of the sine-Gordon model 
have been investigated in [112] . It was found that particle production occurs. 
The tree level 2^4 amplitude does not vanish. 

At the quantum level the renormalizability properties of the ordinary model 
(|2.41|) defined for < 4 seem to be destroyed by noncommutativity. The 
reason is quite simple and can be understood by analyzing the structure of the 
divergences of the NC model compared to the ordinary ones |113l I114 | . In the 

< 4 regime the only divergences come from multitadpole diagrams. In the 
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ordinary case the n-loop diagram gives a contribution (log m^a^)" where a and 
m are the UV and IR cut-ofFs respectively. This result is independent of the 
number k of external fields and of the external momenta. As a consequence the 
total contribution at this order can be resummed as 7 (log ) " (cos $ — 1 ) and 
the divergence is cancelled by renormalizing the coupling 7. This holds at any 
order n and the model is renormalizable. 

In the noncommutative case the generic vertex from the expansion of cos* $ 
brings nontrivial phase factors which depend on the momenta coming out of 
the vertex and on the noncommutativity parameter. The final configuration 
of phase factors associated to a given diagram depends on the order we use to 
contract the fields in the vertex. Therefore, in the noncommutative case the 
ordinary n-loop diagram splits into a planar and a certain number of nonplanar 
configurations, where the planar one has a trivial phase factor whereas the 
nonplanar diagrams differ by the configuration of the phases (for a general 
discussion see Refs. pi I115p . The most general noncommutative multitadpole 
diagram is built up by combining planar parts with nonplanar ones where two or 
more tadpoles are intertwined among themselves or with external legs. Since the 
nonplanar subdiagrams are convergent |115l El lllfij a generic n-loop diagram 
contributes to the divergences of the theory only if it contains a nontrivial planar 
subdiagram. However, different n-loop diagrams with different configurations 
of planar and nonplanar parts give divergent contributions whose coefficients 
depend on the number k of external fields and on the external momenta. A 
resummation of the divergences to produce a cosine potential is not possible 
anymore and the renormalization of the couplings of the model is not sufficient 
to make the theory finite at any order. Noncommutativity seems to deform the 
cosine potential at the quantum level and the theory loses the renormalizability 
properties of the corresponding commutative model. 

Thus, the "natural" generalization of sine-Gordon is not satisfactory and 
one must look for a different noncommutative generalization compatible with 
integrability and/or renormalizability. 

2.2.4 A noncommutative version of the sine-Gordon equa- 
tion with an infinite number of conserved currents 

In Ref. jMl M.T. Grisaru and S. Penati constructed a classically intcgrable 
noncommutative generalization of the sine-Gordon model, by implementing the 
bicomplex approach described in section 2.1.1 (as in that section, here we use 
euclidean signature and complex coordinates z = '^(^'^ + 'i'^^)^ ^ = "71 ^^'^ ~ 

The bicomplex {Ai, d, S) is considered, where in this case A4 = Aio (g) L, Aio 
is the space of 2 x 2 matrices with entries in the algebra of smooth functions on 
noncommutative and L = ®1^qL^ is a two-dimensional graded vector space 
with the basis (r, ct) satisfying — — {r, cj} = 0. The differential maps 
are given by 

5f = dfT-Rfa ■ df = -SfT + dfa (2.43) 
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with commuting constant matrices R and S. The conditions cP = S"^ = {d, 6} = 
are triviaUy satisfied. 

As we have seen in section 2.1.1, to obtain nontrivial second order differential 
equations the bicomplex must be gauged. In the derivation of the noncommu- 
tative sine-Gordon given in ^34 the d operator is dressed as follows 

Ddf = G-^ * d{G * f ) (2.44) 

with G generic invertible matrix in A^o to be determined in a way to obtain 
a generalization of the sine-Gordon. While the condition = is trivially 
satisfied, {S, Dd} = gives rise to nontrivial second order differential equations 

d{G-^ *dG) ^ [R,G~'^ *dG]^ (2.45) 

With the choice 



R = S = J) 




(2.46) 



equation (|2.44l) is a matrix equation in U{2), corresponding to the system of 
two coupled equations of motion 

2i95 = 9 ^e* ^* * (9e* * — e* * * = i7sin*<i> 

2aa = 9(e|**(9e;^*-|-e;^**ae|*) (2.47) 

The first equation contains the potential term which is the "natural" gener- 
alization of the ordinary sine potential, whereas the other one has the structure 
of a conservation law and can be seen as imposing an extra condition on the 
system. In the commutative limit, the first equation reduces to the ordinary 
sine-Gordon equation, whereas the second one becomes trivial. The equations 
are in general complex and possess the Z2 symmetry of the ordinary sine-Gordon 
( invariance under $ —^ — $). 

The reason why integrability seems to require two equations of motions can 
be traced back to the general structure of unitary groups in noncommutative ge- 
ometry. In the bicomplex approach the ordinary equations are obtained as zero 
curvature conditions for covariant derivatives defined in terms of SU (2) gauge 
connections. If the same procedure is to be implemented in the noncommuta- 
tive case, the group SU{2), which is known to be not closed in noncommutative 
geometry, has to be extended to a noncommutative U{2) group and a noncom- 
mutative U{1) factor enters necessarily into the game. The appearance of the 
second equation in (|2.47ll for this noncommutative integrable version of sine- 
Gordon is then a consequence of the fact that the fields develop a nontrivial 
trace part. We note that the pattern of equations found in [32 seems to be 
quite general and unavoidable if integrability is of concern. In fact, the same 
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has been found in Ref. |112| where a different but equivalent set of equations 
was proposed. 

In classical integrability of the system described by the set of equations 
12.47|l was proven by extracting from the bicomplex chain a set of conserved 
currents that are local, in the sense that they are functions of the field <i> and 
its derivatives, but not of integrals of <i>. Since Moyal product has an infinite 
expansion in derivatives of fields, this introduces a kind of nonlocality in the 
theory that is intrinsic and unavoidable when working in a noncommutative 
space. In |,S4| the expansion in the noncommutativity parameter 9 has been 
studied for the first currents to check their relation with ordinary currents and 
to explicitly verify their conservation up to second order in the deformation 
parameter. 

2.2.5 Solitons 

The presence of two equations of motion is in principle very restrictive and one 
may wonder whether the class of solutions is empty. To show that this is not 
the case, in Ref. 34 solitonic solutions were constructed perturbatively which 
reduce to the ordinary solitons when we take the commutative limit. Since a 
classical action was not found in [331, these solitonic solutions found are said 
to be localized in the sense that at order zero in the deformation parameter 
they reduce to the well-known euclidean solitons of the sine-Gordon theory. 
Since the solution at order zero determines the solution to all orders in the 
deformation parameter, in |31] these solitons are called localized at all orders. 
More generally, we observe that the second equation in H2.47II is automatically 
satisfied by any chiral or antichiral function. Therefore, we expect the class of 
solitonic solutions to be at least as large as the ordinary one. In the general 
case, instead, we expect the class of dynamical solutions to be smaller than 
the ordinary one because of the presence of the nontrivial constraint. However, 
since the constraint equation is one order higher with respect to the dynamical 
equation, order by order in the ^-expansion a solution always exists. This means 
that a Seiberg-Witten map between the NC and the ordinary model does not 
exist as a mapping between physical configurations, but it might be constructed 
as a mapping between equations of motion or conserved currents. 

The kind of noncommutative solitons discussed in section 2.2.1 has not been 
studied in [^J. These solutions in principle should be present in this model. 
However, the model described in pi] was shown to display bad scattering prop- 
erties as I will show in detail in section 2.2.9. For this reason it had to be 
discarded and replaced with a new model described in section 2.3 Both 
kinds of soliton solutions were studied in detail for this model (see section 2.3.5). 

2.2.6 Reduction from noncommutative selfdual Yang-Mills 

The material presented in this section and the following ones, until the end of 
section 2.2, is mostly taken from the paper |36| . written in collaboration with 
M.T. Grisaru, L. Mazzanti and S. Penati. 
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The (anti-)selfdual Yang-Mills equation is well-known to describe a com- 
pletely integrable classical system in four dimensions 117| . In the ordinary 
case the equations of motion for many two dimensional integrable systems, in- 
cluding sine-Gordon, can be obtained through dimensional reduction of the 
(anti)selfdual Yang-Mills equations 

We have seen in section 2.1.3 that a convenient description of the (anti)selfdual 
Yang-Mills system is the so called J-formulation, given in terms of a SL{N, C) 
matrix-valued J field satisfying 

dy {J-^dyJ) + d, {J-'d,J) - (2.48) 

where y, y, z, z are complex variables treated as formally independent. 

In the ordinary case, the sine-Gordon equation can be obtained from ()2.48fl 
by taking J in S'i(2,C) to be [TTSl 

J= J(u,z,z) = e*'"'e3*'^^-e-*''' (2.49) 

where $ = $(y,y) depends on y and y only and ai are the Pauli matrices. 

A noncommutative version of the (anti-)selfdual Yang-Mills system can be 
naturally obtained |12l)| by promoting the variables y, y, z and z to be noncom- 
mutative thus extending the ordinary products in H2.48|l to ^-products. In this 
case the J field lives in GL{N,C). 

As we outlined in section 1.2.3, it has been shown |H2] that noncommutative 
selfdual Yang-Mills naturally emerges from open N = 2 strings in a B-ficld back- 
ground. Moreover, in jl2()lll2llllll| examples of reductions to two-dimensional 
noncommutative systems were given. It was also argued that the noncommuta- 
tive deformation should preserve the integrability of the systems |llll I122j . 

We now show that our noncommutative version of the sine-Gordon equations 
can be derived through dimensional reduction from the noncommutative selfdual 
Yang-Mills equations. For this purpose we consider the noncommutative version 
of equations H2.48|) and choose J* in GL{2, C) as 

J* — J* (u, z,z) — * ei * e* ^ (2.50) 
This leads to the matrix equation 

dya I + i (^dyb + i sin* = (2.51) 

where a and b have been defined in H2.47|l . Now, taking the trace we obtain 
dyU = which is the constraint equation in (|2.47|l . As a consequence, the 
term proportional to aj gives rise to the dynamical equation in 12.47|l for the 
particular choice 7 = — 1. Therefore we have shown that the equations of motion 
of the noncommutative version of sine-Gordon proposed in |34| can be obtained 
from a suitable reduction of the noncommutative selfdual Yang-Mills system as 
in the ordinary case. From this derivation the origin of the constraint appears 
even more clearly: it arises from setting to zero the trace part which the matrices 
in GL(2,C) naturally develop under ^-multiplication. 
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Solving 1)2. 5 1() for the particular choice aj = era we obtain the alternative set 
of equations 

9^e*^**9e**^ — ^7sin*<& 

9 (^ej* * 9er^*) = -^7sin*$ (2.52) 

Order by order in the 6'-expansion the set of equations (|2.47|l and H2.52(l are 
equivalent. Therefore, the set H2.52|l is equally suitable for the description of an 
integrable noncommutative generalization of sine-Gordon. 

Since our noncommutative generalization of sine-Gordon is integrable, the 
present result gives support to the arguments in favor of the integrability of 
noncommutative selfdual Yang-Mills system. 

2.2.7 The action 

We are now interested in the possibility of determining an action for the scalar 
field $ satisfying the system of eqs. (|2.47l) . We are primarily motivated by the 
possibility to move on to a quantum description of the system. 

In general, it is not easy to find an action for the dynamical equation (the 
first eq. in (|2.47|) ') since $ is constrained by the second one. One possibility 
could be to implement the constraint by the use of a Lagrange multiplier. An- 
other quite natural possibility is to try to obtain the action by a dimensional 
reduction procedure from (4, 0) selfdual Yang-Mills action in Yang formulation. 
Unfortunately, this does not work, since WZW-like terms disappear from the 
reduced action because of cyclicity of Moyal product in an integral. As a result 
one obtains a reduced action generating nonchiral equations, different from the 
chiral ones in eqs. (|2.47|) and (|2.52() . 

We consider instead the equivalent set of equations (|2.52(l . We rewrite them 
in the form 

d{g~' * dg) = ^7 (g' - g-^) 

~d{9*dg-')^~\-l{g^-g-^) (2.53) 

where we have defined g = e* * . Since <i> is in general complex g can be seen as 
an element of a noncommutative complexified U{\). The gauge group valued 

function g = [g^]^^ — e* is subject to the equations 

d{g*dg-')=-\l{f-r^) 

d{g-'^d-g) = \^{f--g-^) (2.54) 

obtained by taking the h.c. of H2.53|l . 

In order to determine the action it is convenient to concentrate on the first 
equation in (|2.53l) and the second one in (|2.54() as the two independent complex 
equations of motion which describe the dynamics of our system. 
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We first note that the left-hand sides of equations H2.53|l and 12.54|l have the 
chiral structure which is well known to correspond to a noncommutative version 
of the WZNW action 0^1 (see section 1.1.3). Therefore we are led to consider 
the action 

S[g,-g]^S[g] + S[g] (2.55) 

where, introducing the homotopy path g(t) such that g{0) — 1, ^(1) — g (t is a 
commuting parameter) we have defined 



S[g] ^ j d^z dg*dg-^+J dt g-^ 



dtg * if 



- jig' + g-'-2)\ (2.56) 

and similarly for S[g]. The first part of the action can be recognized as the 
noncommutative generalization of a complexified U{1) WZNW action |123| . 

To prove that this generates the correct equations, we should take the vari- 
ation with respect to the $ field {g = e* *) and deal with complications which 
follow from the fact that in the noncommutative case the variation of an expo- 
nential is not proportional to the exponential itself. However, since the variation 

is arbitrary, we can forget about its 6 dependence and write ^(5$ = g~^Sg, 
trading the variation with respect to $ with the variation with respect to g. 
Analogously, the variation with respect to can be traded with the variation 
with respect to g. 

It is then a simple calculation to show that 



6S[g] = / <fz 2g-'Sg 



d (g ^ * dg) — ^7sin*$ 



(2.57) 



from which we obtain the first equation in H2.53|) . Treating g as an independent 
variable an analogous derivation gives the second equation in H2.54|) from S[g]. 

We note that, when $ is real, g = g and the action (|2.55|) reduces to ^reailff] = 
2Swzw[9]—7{cos* $—1). In general, since the two equations H2.47|l are complex 
it would be inconsistent to restrict ourselves to real solutions. However, it is a 
matter of fact that the equations of motion become real when the field is real. 
Perturbatively in 9 this can be proved order by order by direct inspection of 
the equations in |34| . In particular, at a given order one can show that the 
imaginary part of the equations vanishes when the constraint and the equations 
of motion at lower orders are satisfied. 



2.2.8 The relation to the noncommutative Thirring model 

In the ordinary case the equivalence between the Thirring and sine-Gordon 
models {1131 can be proven at the level of functional integrals by implementing 
the bosonization prescription [451 1124| on the fermions. The same procedure 
has been worked out in noncommutative geometry [471 148| . Starting from the 
noncommutative version of Thirring described by 



/ 



(2.58) 
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the bosonization prescription gives rise to the action for the bosonized non- 
commutative massive Thirring model which turns out to be a noncommutative 
WZNW action supplemented by a cosine potential term for the noncommutative 
U(l) group valued field which enters the bosonization of the fcrmionic currents. 
In particular, in the most recent paper in Ref. 47 it has been shown that work- 
ing in Euclidean space the massless Thirring action corresponds to the sum of 
two WZNW actions once a suitable choice for the regularization parameter is 
made. Moreover, in Ref. 48 it was proven that the bosonization of the mass 
term in (|2.58(l gives rise to a cosine potential for the scalar field with coupling 
constant proportional to m. 

The main observation is that our action H2.55|l is the sum of two noncommu- 
tative WZNW actions plus cosine potential terms for the pair of U{l)c group 
valued fields g and g, considered as independent. Therefore, our action can be 
interpreted as coming from the bosonization of the massive noncommutative 
Thirring model, in agreement with the results in |47[ I48| . 

We have shown that even in the noncommutative case the sine-Gordon 
field can be interpreted as the scalar field which enters the bosonization of the 
Thirring model, so proving that the equivalence between the Thirring and sine- 
Gordon models can be maintained in noncommutative generalizations of these 
models. Moreover, the classical integrability of our noncommutative version of 
sine-Gordon proven in Pl] should automatically guarantee the integrability of 
the noncommutative Thirring model. 

In the particular case of zero coupling (7 — 0), the equations H2.55(l and 
H2.52|l correspond to the action and the equations of motion for a noncommuta- 
tive U{1) WZNW model [JiS], respectively. Again, we can use the results of [SJ 
to prove the classical integrability of the noncommutative U{1) WZNW model 
and construct explicitly its conserved currents. 

2.2.9 (Bad) properties of the S-matrix 

In section 2.1.4 we showed that in integrable commutative field theories there 
is no particle production and the S-matrix factorizes. In the noncommutative 
case properties of the S-matrix have been investigated for two specific models: 
The A^'' theory in two dimensions and the nonintegrable "natural" NC 
generalization the the sine-Gordon model jll2| . In the first reference a very 
pathological acasual behavior was observed due to the space and time non- 
commutativity (see section 1.1.2). For an incoming wave packet the scattering 
produces an advanced wave which arrives at the origin before the incoming 
wave. In the second model investigated it was found that particle production 
occurs. The tree level 2^4 amplitude does not vanish. 

It might be hoped that classical integrability would alleviate these patholo- 
gies. In the NC integrable sine- Gordon case, since we have an action, it is 
possible to investigate these issues. As described below we have computed the 
scattering amplitude for the 2^2 process and found that the acausality of 
Ref. is not cured by integrability. We have also computed the production 
amplitudes for the processes 2 — > 3 and 2^4 and found that they don't vanish. 
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We started from our action (|2.56() rewritten in terms of Minkowski space 
coordinates and real fields {g — e* *, g{t) — e* ** with <I> real) 



S[g] = -^J cPx .g-i * 9^5 * g'^ *d^9+\j d'x{g' + g~' - 2) 

_i J e'^'^Pg-^ * d^g * g-^ * d,g * g'^ * dpg (2.59) 

where f * g = /e^^*^' 9 ^9 ^ g^j^j derived the following Feynman's rules 

• The propagator 

^(9) = (2-60) 

— 27 

• The vertices 

2 

-y3(fci, . . . , fcs) = ^3— ^e^''fci^fc2i.i^(fci, . . . , fcs) 



. fc4) - * (-34^ + ■ ''3) + 2"!!) ^(^1' • ■ ■ ' ^4) 



2e'"' 

?;5(fci, . . . , fcs) = ~^r~5! ('^iM^ai. - fciM^Si. + 2ki^ki^) F{ki, . . . , fcs) 



W6(fci, . . . , fcg) = i 



1 7 



26 • 6! ^ ' 1 ' - -L 2.6! 

•F(fci,...,/C6) 

(2.61) 



where 



F(fci, . . . , fc„) = exp 1^-^ ^ fc» X % j (2.62) 

is the phase factor coming from the *-products in the action (we have 
indicated a x b — ^£^"0^6,^), ki are all incoming momenta and we used 
momentum conservation. 

At tree level the 2^2 process is described by the diagrams with the topolo- 
gies in Fig. 1. 



Figure 1: Tree level 2 —f 2 amplitude 
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Including contributions from the various channels and using the three point 
and four point vertices of eqs. (|2.61(l we obtained for the scattering amplitude 
the expression 



where p is the center of mass momentum and E = y^p'^ + 2j. 

For comparison with Ref. j28l this should be multiplied by an incoming wave 
packet 

, , , / (P-PO)^ (P+Pof_\ 

^^n{p)^{e —+e (2.64) 

and Fourier transformed with e*^^. We have not attempted to carry out the 
Fourier transform integration. However, we note that for po very large E and p 
are concentrated around large values and the scattering amplitude assumes the 
form 

i'^am^ipEO) + i^cos^ipEO) (2.65) 

which is equivalent to the result in Ref. 15 , leading to the same acausal 
pathology ^. 

We describe now the computation of the production amplitudes 2^3 and 
2^4. At tree level the contributions arc drawn in Figures 2 and 3, respectively. 




Figure 2: Tree level 2^3 amplitude 



^It is somewhat tantalizing that a change in the relative coefficient between the two terms 
would lead to a removal of the trigonometric factors which are responsible for the acasual 
behavior. 
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Figure 3; Tree level 2 — + 4 amplitude 



For any topology the different possible channels must be taken into account. 
This, as well as the complicated expressions for the vertices, has led us to 
use an algebraic manipulation program computer. We used Mathematica® to 
symmetrize completely the vertices ()2.61|l . This allows to take automatically 
into account the different diagrams obtained by exchanging momenta entering 
a given vertex. The contribution from each diagram was obtained as a product 
of the combinatorial factor, the relevant vertices and propagators. Due to the 
length of the program it was impossible to handle the calculation in a completely 
analytic way. Instead, the program was run with assigned values of the momenta 
and arbitrary 9 and 7. For both the 2^3 and 2^4 processes the result is 
nonvanishing. As a check of our calculation we mention that the production 
amplitudes vanish when we set ^ = 0, for any value of the coupling and the 
momenta. 

2.2.10 Conclusions 

In in collaboration with M.T. Grisaru, L. Mazzanti and S. Penati I have 
investigated some properties of the integrable noncommutative sine-Gordon sys- 
tem proposed in |34| . We succeeded in constructing an action which turned out 
to be a WZNW action for a noncommutative, complexified U{1) augmented by 
a cosine potential. We have shown that even in the noncomutative case there is 
a duality relation between our integrable noncommutative sine-Gordon model 
and the noncommutative Thirring. 

Noncommutative WZNW models have been shown to be one-loop renormal- 
izable |125j . This suggests that the noncommutative sine-Gordon model pro- 
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posed in is not only integrable but it might lead to a well-defined quantized 
model, giving support to the existence of a possible relation between integrabil- 
ity and renormalizability. 

Armed with our action we investigated some properties of the S-matrix for 
elementary excitations. However, in contradistinction to the commutative case, 
the S-matrix turned out to be acasual and nonfactorizable ^. The reason for 
the acasual behavior has been discussed in 15 where it was pointed out that 
noncommutativity induces a backward-in-time effect because of the presence of 
certain phase factors (see section 1.1.2). It appears that in our case this effect 
is still present in spite of integrability. 

It is not clear why the presence of an infinite number of local conserved 
currents (local in the sense that they are not expressed as integrals of certain 
densities) does not guarantee factorization and absence of production in the S- 
matrix as it does in the commutative case. The standard proofs of factorization 
use, among other assumptions, the mutual commutativity of the charges - a 
property we have not been able to check so far because of the complicated 
nature of the currents. But even if the charges were to commute the possibility 
of defining them as powers of momenta, as required in the proofs, could be 
spoiled by acausal effects which prevent a clear distinction between incoming 
and outgoing particles. 

In a series of papers |44| a different approach to quantum noncommutative 
field theories has been proposed when the time variable is not commuting. In 
those papers it has been argued that the problems associated to time-space 
noncommutativity are due to the fact that the time-ordering procedure does 
not commute with the star multiplication. Starting from the usual definition of 
the S-matrix in terms of the time-ordered exponential of the interaction term 
in the action and applying Wick theorem, one cannot combine the contrac- 
tion functions of positive and negative frequency to obtain the causal Feynman 
propagator. Therefore, it has been suggested that, instead of the Feyman ap- 
proach [2], one should use the time ordered perturbation theory extended to 
the noncommutative case. Moreover, it has been shown that in this framework 
unitarity is preserved as long as the interaction lagrangian is explicitly hermi- 
tian. It would be interesting to redo our calculations in that approach to see 
whether a well-defined factorized S-matrix for our model can be constructed. In 
this context it would be also interesting to investigate the scattering of solitons 
present in our model . 

In the next section a novel noncommutative sine-Gordon system, obtained 
by dimensional reduction from the 2-1-1 model introduced in |1(J4| . will be 
constructed and studied. We will see that it exhibits nice scattering properties, 
consistent with the usual relation between integrability and factorization of the 
S-matrix. 



^ Other problems of the S-matrix have been discussed in fl6lll26| . 
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2.3 The noncommutative integrable sine-Gordon 
model 



2.3.1 Introduction 

In this section I will present the results I obtained, in collaboration with O. 
Lechtenfeld, L. Mazzanti, S. Penati and A.D. Popov, in [37|. The main goal 
of that work was to find a noncommutative generalization of the sine-Gordon 
system which, as a hallmark of integrability, possesses a well-defined causal 
and factorized S-matrix. Furthermore, its equations of motion should admit 
noncommutative multi-soliton solutions which represent deformations of the well 
known sine-Gordon solitons. 

In sections 2.2.4 and 2.2.5 I have discussed the results obtained in where 
a model was proposed which describes the dynamics of a complex scalar field 
by a couple of equations of motion. These equations were obtained as flatness 
conditions for a U{2) bidifferential calculus and automatically guarantee 

the existence of an infinite number of local conserved currents. The same equa- 
tions were also generated in |36| via a particular dimensional reduction of the 
noncommutative U (2) selfdual Yang-Mills equations in euclidean space. How- 
ever, this reduction did not work at the level of the action, which turned out 
to be the sum of two WZW models augmented by a cosine potential. Evalu- 
ating tree-level scattering amplitudes it was discovered, furthermore, that this 
model suffers from acausal behavior and a non-factorized S-matrix, meaning 
that particle production occurs. 

At this point it is important to note that the noncommutative deformation 
of an integrable equation is a priori not unique, because one may always add 
terms which vanish in the commutative limit, as we have seen in section 1.1.3. 
For the case at hand, for example, different inequivalent ansatze for the U{2) 
matrices entering the bicomplex construction jll()| are possible as long as they 
all reproduce the ordinary sine-Gordon equation in the commutative limit. It is 
therefore conceivable that among these possibilities there exists an ansatz (dif- 
ferent from the one in |34[I36| ) which guarantees the classical integrability of the 
corresponding noncommutative model. What is already certain is the necessity 
to introduce two real scalar fields instead of one, since in the noncommutative 
realm the U{1) subgroup of U{2) fails to decouple. What has been missing is a 
guiding principle towards the "correct" field parametrization. 

Since the sine-Gordon model can be obtained by dimensional reduction from 
2-1-2 dimensional selfdual Yang-Mills theory via a 2-1-1 dimensional integrable 
sigma model |127j . and because the latter 's noncommutative extension was 
shown to be integrable in |1()3| . it seems a good idea to contruct an integrable 
generalization of the sine-Gordon equation by starting from the linear system of 
this integrable sigma model endowed with a time-space noncommutativity. This 
is the key strategy of this paper. The reduction is performed on the equations 
of motion first, but it also works at the level of the action, so giving directly the 
1+1 dimensional action we are looking for. This success is an indication that 
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the new field parametrization proposed in is the proper one. 

To be more precise, in 37 we proposed three different parametrizations, by 
pairs of fields {4>+, (p, ^p) and (hi, /i2), all related by nonlocal field redefini- 
tions but all deriving from the compatibility conditions of the underlying linear 
system 102, • The first two appear in Yang formulation |117 | while the third one 
arises in Leznov formulation |128| . For either field pair in Yang formulation, the 
nontrivial compatibility condition reduces to a pair of "noncommutative sine- 
Gordon equations" which in the commutative limit degenerates to the standard 
sine-Gordon equation for or (p, respectively, while (/)_) or p 

decouple as free bosons. The alternative Leznov formulation has the advan- 
tage of producing two polynomial (actually, quadratic) equations of motion for 
(hi, h2) but retains their coupling even in the commutative limit. 

With the linear system comes a well-developed technology for generating 
solitonic solutions to the equations of motion. In 37 the dressing method 
|129[ lll)8| was employed to explicitly outline the construction of noncommuta- 
tive sine-Gordon multi-solitons, directly in 1+1 dimensions as well as by reduc- 
ing plane- wave solutions of the 2-1-1 dimensional integrable sigma model jl(J4) . 
The one-soliton sector was completely analyzed and it was found that the stan- 
dard soliton solution are recovered as undcformcd. Noncommutativity becomes 
palpable only at the multi-soliton level. 

It was shown in j82| that the tree-level n-point amplitudes of noncommu- 
tative 2-1-2 dimensional SDYM vanish for n > 3, consistent with the vanishing 
theorems for the N=2 string. Therefore, we were expecting nice properties of the 
S-matrix to be inherited by this noncommutative sine-Gordon theory. Indeed, 
a direct evaluation of tree- level amplitudes revealed that, in the Yang as well 
as the Leznov formulation, the S-matrix is causal and no particle production 
occurs. 

2.3.2 A noncommutative integrable sigma model in 2 -|- 1 
dimensions 

As has been known for some time, nonlinear sigma models in 2-1-1 dimensions 
may be Lorentz- invariant or integrable but not both |127) . Since the integrable 
variant, introduced in section 2.1.3, serves as our starting point for the deriva- 
tion of the sine-Gordon model and its soliton solutions, we shall present its 
noncommutative extension ^103^ in some detail in the present section. 

Conventions in noncommutative R^'^ 

In K^'^ we shall use (real) coordinates (a;") — (t, x, y) in which the Minkowskian 
metric reads (?/ab) = diag(— 1, +1, +1). For later use we introduce the light-cone 
coordinates 

u := ^(t+y) , V := \(t-y) , 9„ = dt+dy , = dt-dy . 

(2.66) 
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In view of the future reduction to 1+1 dimensions, wc choose the coordinate x 
to remain commutative, so that the only non-vanishing component of the non- 
commutativity tensor is 

Qty ^ _Qyt ^. g y Q (2.67) 

Linear system 

Consider on noncommutative E^'^ the following pair of linear differential equa- 
tions [rns] , 

(C5. -9u)* = and (C9. -a,)* = S** , (2.68) 

where a spectral parameter ( e CP^ = has been introduced. The auxil- 
iary field ^' takes values in U(n) and depends on (t, x, y, ^) or, equivalently, on 
{x,u,v,C). The u{n) matrices A and B, in contrast, do not depend on ( but 
only on (x, u, v). Given a solution they can be reconstructed via'^ 

A = 1- * (9„ - Ca^)^'-i and B = * * (9^; - C^^*"^ . (2.69) 

It should be noted that the equations H2.68|l are not of first order but actually 
of infinite order in derivatives, due to the star products involved. In addition, 
the matrix ^ is subject to the following reality condition |127| : 

1 = *(t,x,y,C) * [^it,x,yX)]^ , (2.70) 

where 'f ' is hermitian conjugation. The compatibility conditions for the linear 
system (|2.68ll read 

d,B-d„A = , (2.71) 
d^A- duB - A'i' B + B ^ A = . (2.72) 

By detailing the behavior of \1/ at small ^ and at large ( we shall now "solve" 
these equations in two different ways, each one leading to a single equation of 
motion for a particular field theory. 

Yang-type solution 

We require that 4* is regular at C=0 |84j. 

^it,x,yX^O) - ^'\t,x,y) + 0(0 , (2.73) 

which defines a U(rt)-valued field <I>(t, x, y), i.e. = <I>^^. Therewith, A and B 
are quickly reconstructed via 

A = = and B = ^^d^^'^]^^^ = ^-^^a^^* 

(2.74) 

^Inverses are understood with respect to the star product, i.e. * 'J' = 1. 
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It is easy to see that compatibility equation H2.72|l is then automatic while the 
remaining equation H2.71|l turns into jl03j 

5. * - a„ ($-1 * = . (2.75) 

This Yang- type equation 117 can be rewritten as 

(^-6 + „^e-'')a,(ci>-iH<ab$) = , (2.76) 

where e°^'^ is the alternating tensor with e'^^^^l and (vc) = (0, 1,0) is a fixed 
spacelike vector. Clearly, this equation is not Lorentz-invariant but (deriving 
from a Lax pair) it is integrable. 

One can recognize (j2.76|l as the field equation for (a noncommutative gener- 
alization of) a WZW-like modified U(n) sigma model |127II13()] with the action"* 

S'y = -5 Jdtdxdyrj''Hr(da<i>~^^db<!>) 

- i J dtdxdy J dXvpeP'""' tr (^-^ * 9^$ * * 9^$ * * 9^$ 

" (2.77) 
where Greek indices include the extra coordinate A, and eP^'^"' denotes the totally 
antisymmetric tensor in R^. The field $(i, x, y, A) is an extension of ^{t, x, y), 
interpolating between 

^{t,x,y,0) = const and ^{t,x,y,l) = ^{t,x,y) , (2.78) 

and 'tr' implies the trace over the U(n) group space. Finally, (vp) = {vc, 0) is a 
constant vector in (extended) space-time. 

Leznov-type solution 

Finally, we also impose the asymptotic condition that limi^^oo 'I' = with 
some constant unitary (normalization) matrix ^P^. The large ^ behavior |84| 

vI/(t,x,y,C--oo) = (1 + C'^{t,x,y) + (^(r^)) (2.79) 

then defines a u(n)-valued field T(t, x, y). Again this allows one to reconstruct 
A and B through 

A ^ - lim (C^'*^:,*"^) = da^T and B = - lim (C * * 9,,*"*) = 9„T 

C — >oo Q — >oo 

(2.80) 

In this parametrization, compatibility equation l|2.71|l becomes an identity but 
the second equation H2.72|l turns into |l()3j 

dlT - dud^T - d^T * d^T + d„T * d^T = . (2.81) 



^which is obtainable by dimensional reduction from the Nair-Schiff action 11311 11321 for 
SDYM in 2+2 dimensions 
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This Leznov-type equation |128| can also be obtained by extremizing the 
action 

5l = Jdtdxdytr{l7i'''dar * dbT + i T * (a,T * d,T - d^T * d^T)} , 

(2.82) 

which is merely cubic. 

Obviously, the Leznov field T is related to the Yang field $ through the 
non-local field redefinition 

d^T = * du^ and dyT = * 9^$ . (2.83) 

For each of the two fields $ and T, one equation from the pair (|2.71l 12.72(1 
represents the equation of motion, while the other one is a direct consequence 
of the parametrization (|2.74|) or (|2.8U|) . 

2.3.3 Reduction to noncommutative sine-Gordon 
Algebraic reduction ansatz 

In section 2.1.3 we have seen that the (commutative) sine-Gordon equation can 
be obtained from the self-duality equations for SU(2) Yang-Mills upon appro- 
priate reduction from 2+2 to 1+1 dimensions. In this process the integrable 
sigma model of the previous section appears as an intermediate step in 2+1 
dimensions, and so we may take its noncommutative extension as our departure 
point, after enlarging the group to U(2). In order to avoid cluttering the formu- 
lae we suppress the notation for noncommutative multiplication from now 
on: all products are assumed to be star products, and all functions are built on 
them, i.e. e^'^^'^ stands for el^^'^ and so on. 

The dimensional reduction proceeds in two steps, firstly, a factorization of 
the coordinate dependence and, secondly, an algebraic restriction of the form 
of the U(2) matrices involved. In the language of the linear system ()2.68f) the 
adequate ansatz for the auxiliary field ^' reads 

^{t,x,y,C) = V{x)^j{u,v,C)V\x) with V{x) = Se'""""' , (2.84) 

where ai — ( ^ J ), £ denotes some constant unitary matrix (to be specified later) 
and a is a constant parameter. Under this factorization, the linear system (I2.68f) 
simplifies to^ 

{du — ia C Sidai) ijj — —atjj and {Cdy — iaadai)^ — bijj (2.85) 

with a — AV and b — V^B V. Taking into account the asymptotic behavior 
()2.73l I2.79|) , the ansatz H2.84|l translates to the decompositions 

^t,x,y) = V{x)g{u,v)V^x) with g{u,v) eV{2) , (2.86) 
T{t,x,y) ^ V{x)x{u,v)V^x) with x{u,v)eu{2) . (2.87) 

*The adjoint action means adcri (■)/>) = [ai,ip]. 
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To aim for the sine-Gordon equation, one imposes certain algebraic constraints 
on a and b (and therefore on ijj). Their precise form, however, is not needed, 
as we are ultimately interested only in g or x- Therefore, we instead directly 
restrict g{u,v) to the form 

9 ^ {^Q g_) ^ g+P++g-P- with 5+eU(l)+ and ff_eU(l)_ 

(2.88) 

and with projectors P+ = (Jq) and P_ — (q?)- This imbeds g into a 
U(l)xU(l) subgroup of U(2). Note that g+ and g- do not commute, due 
to the implicit star product. Invoking the field redefinition H2.83|l we infer that 
the corresponding reduction for xi'^j ^) should be^ 

X = i (° with heC , (2.89) 

with the "bridge relations" 

a{h-h)) = -g\dug+ = .g^9„.g_ , 

(2.90) 

^ dyh — g^_g+ — 1 and h.c. 

In this way, the u(2)-matrix x is restricted to be off-diagonal. 

We now investigate in turn the consequences of the ansatze (|2.86l I2.88|l and 
H2.87I I2.89|l for the equations of motion H2.75|) and (|2.81ll , respectively. 

Reduction of Yang-type equation 

Let us insert the ansatz (|2.86|) into the Yang-type equation of motion (|2.75|l . 
After stripping off the V factors one obtains 

d,{g^dug) + a'{aig^aig^g^aigai) = . (2.91) 

Specializing with H2.88|l and employing the identities aiP±ai = Pip we arrive 
at Y+P+ + Y.P^ = 0, with 

Y+ = dy{gldug+) + a'^{glg+ - gig-) = , 

(2.92) 

Y- = dy{gidug-) + a'^iglg- - glg+) = . 

Since the brackets multiplying are equal and opposite, it is worthwhile to 
present the sum and the difference of the two equations: 

dv{g+dug+ + g-dug-) = , 

(2.93) 

dv{g+dug+ - gl dug-) = 2a'^{glg- - glg+) . 

^Complex conjugates of scalar functions are denoted with a dagger to remind the reader 
of their noncommutativity. 
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It is natural to introduce the angle fields 4>± (m, v) via 

g = e*'^+-^+ e^^'^-'f'- ^ g+ = e^'^+ and .g_ = e'i'''- . 

(2.94) 

In terms of these, the equations (|2.93(l read 

(2.95) 

We propose to call these two equations "the noncommutative sine-Gordon equa- 
tions". Besides their integrability (see later sections for consequences) their form 
is quite convenient for studying the commutative limit. When 9^0, (|2.95|) 
simplifies to 

dudvi4>+-4'-) = and 9„9t,((/)++0_) = -8a^ sin i((?!)+-|-0_) . 

(2.96) 

Because the equations have decoupled we may choose 

= ^ 9+ = gi ^ ffeU(l)A (2.97) 

and reproduce the familiar sine-Gordon equation 

(9^-92)0 ^ -Aa^ siiKf) . (2.98) 

One learns that in the commutative case the reduction is SU(2)— »U(1)a since 
the U(l)v degree of freedom 0_ is not needed. The deformed situation, 
however, requires extending SU(2) to U(2), and so it is imperative here to keep 
both U(l)s and work with two scalar fields. 

Inspired by the commutative decoupling, one may choose another distin- 
guished parametrization of g, namely 

g+ = e^Pe^'P and .g_ = e^'^e"^^ , (2.99) 

which defines angles p{u,v) and Lp(u,v) for the linear combinations U(l)v and 
U(1)a, respectively. Inserting this into (|2.92l) one finds 



94e-^^9„e^'^) +2ia2 sin(y5 = -a^e^^'^e"^'' (a„e^'')e^'^] 



(2.100) 



In the commutative limit, this system is easily decoupled to 

dudyp = and dudyip + Aa^ simp = , (2.101) 

revealing that p — > ^(0+— (/)_) and (p — > i(0^+(/)_) = (f) in this limit. 

It is not difhcult to write down an action for (|2.92|) (and hence for (|2.95|) 
or H2.100() ). The relevant action may be computed by reducing H2.77|l with the 
help of ifrgSjl and The result takes the form 

S[g+,g^] = Sw[9+] + Sw[9-] + Jdtdy {glg^ + g!_g+ - 2) , (2.102) 
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where Sw is the abehan WZW action 



Swif] = -\ Jdtdyd^r' duf-l J dtdy j'dXe^'"' r'dj r'dj f-'d^f 

(2.103) 

Here /(A) is a homotopy path satisfying the conditions /(O) — 1 and /(I) = /. 
Parametrizing g± as in (|2.99|) and using the Polyakov-Wiegmann identity, the 



action for p and f reads 

S[p,ip] = 2S'pc[e^'^] + 2a^ Jdtdy (cos^-l) + 2Sw[e^''] 
dtdy e~^P dye^P{e-i'^ 9„e^^ + e^'^ S^e"^'^) 



(2.104) 



where 

Spc 



f] = Jdtdyd^r'duf . (2.105) 



In this parametrization the WZ term has apparently been shifted entirely to the 
p field while the cosine-type self-interaction remains for the field only. This 
fact has important consequences for the scattering amplitudes. 

It is well known 45., 124, 133^ that in ordinary commutative geometry the 
bosonization of free massless fermions in the fundamental representation of 
SU(7V) gives rise to a WZW model for a scalar field in SU(7V) plus a free 
scalar field associated with the U(l) invariance of the fermionic system. In 
the noncommutative case the bosonization of a single massless Dirac fermion 
produces a noncommutative U(l) WZW model 47 , which becomes free only in 
the commutative limit. Moreover, the U(l) subgroup of U(iV) does no longer 
decouple |35) . so that N noncommuting free massless fermions are related to a 
noncommutative WZW model for a scalar in U(A^). On the other hand, giving 
a mass to the single Dirac fermion leads to a noncommutative cosine potential 
on the bosonized side |134[ I48j . 

In contrast, the noncommutative sine-Gordon model we propose in this paper 
is of a more general form. The action (|2.1U2|I describes the propagation of a 
scalar field g taking its value in U(l)xU(l) C U(2). Therefore, we expect it to 
be a bosonized version of two fermions in some representation of U(l)xU(l). 
The absence of a WZ term for p and the lack of a cosine-type self-interaction 
for p as well as the non-standard interaction term make the precise identification 
non-trivial however. 



Reduction of Leznov-type equation 

Alternatively, if we insert the ansatz (|2.87() into the Leznov-type equation of 
motion H2.81(l we get 

a„9„x + 2Q2(x-criXCTi) + iQ![[cri,x],9„x] = . (2.106) 
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Specializing with H2.89|l this takes the form Za^ + Z V+ = with cr_ = ( ^ q ) 
and CT+ = ( J ) , where 

Z = dudvh + 2a^ (h- h^) +a{d^h, h- h^} = . (2.107) 

The decomposition 

X = i (hiai + h2CT2) /i = /ii+ift-a (2.108) 

then yields 

dudyhi - 2a {dyh2 , ^-2} = , 

(2.109) 

9«9i,/i2+4a2/i2 + 2a{a„ft.i, = . 

These two equations constitute an alternative description of the noncommu- 
tative sine-Gordon model; they are classically equivalent to the pair of (|2.93|) 
or, to be more specific, to the pair of (|2.1UU|I . For the real fields the "bridge 
relations" H2.90|l read 



2ia/i2 = -e-^'fe-^P duie^Pe^"^) 



^dyhi = cos (/3 - 1 



and 



sm if 



(2.110) 



One may "solve" one equation of H2.100|) by an appropriate field redefinition 
from H2. 110(1 , which implies already one member of H2.109|) . The second equation 
from (|2.100|l then yields the remaining "bridge relations" in p.llOfl as well as 
the other member of H2.109|l . This procedure works as well in the opposite 
direction, from H2.109|l to l|2.100l) . The nonlocal duality between {f, p) and 
{hi,h2) is simply a consequence of the equivalence between (|2.75ll and (|2.81|) 
which in turn follows from our linear system (|2.68l) . 

The "h description" has the advantage of being polynomial. It is instructive 
to expose the action for the system (|2.109|l . Either by inspection or by reducing 
the Leznov action H2.82|l one obtains 

S[hi,h2] = [dtdy \duhidyhi+dnh2dyh2-4:a^hl-iahldyhi] .(2.111) 



2.3.4 Relation with the previous noncommutative gener- 
alization of the sine-Gordon model 

The noncommutative generalizations of the sine-Gordon model presented above 
are expected to possess an infinite number of conservation laws, as they originate 
from the reduction of an integrable model |103|. It is worthwhile to point out 
their relation to the noncommutative sine-Gordon model I discussed in section 
2.2, which also features an infinite number of local conserved currents. 

In |34| an alternative noncommutative version of the sine-Gordon model was 
proposed. Using the bicomplex approach the equations of motion were obtained 
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as flatness conditions of a bidiffercntial calculus/ 



9(G"^*9G) = [R,G-^*RG]* , (2.112) 

where 

R = 2aQ 5) (2.113) 

and G is a suitable matrix in U(2) or, more generally, in complexified U(2). In 
the G matrix was chosen as 

± I cos* ^ sm* -j\ 

G = er^* = .1 I] (2.114) 

\- sm* -J cos* -j/ 

with $ being a complex scalar field. This choice produces the noncommutative 
equations (all the products are ^-products) 

a(e**ae-** + e-**9e**) = , 

a(e-^*ae^* -ei*9e-i*) = \\o? iiui^ . (2.115) 

As shown in |36j these equations (or a linear combination of them) can be ob- 
tained as a dimensional reduction of the equations of motion for noncommutative 
U(2) SDYM in 2+2 dimensions. 

The equations H2.115|l can also be derived from an action which consists of 
the sum of two WZW actions augmented by a cosine potential, 

s\!J\ ^ s\!\^s\!\ with = 5w ydtdy (/2 +7-2 -2) , 

(2.116) 

with S'vy[/] given in H2.1()3|l for / = e^* in complexified U(l). However, this 
action cannot be obtained from the SDYM action in 2+2 dimensions by per- 
forming the same field parametrization which led to (|2.115|l . 

Comparing the actions (|2.102|l and H2.116|l and considering / and / as in- 
dependent U(l) group valued fields we are tempted to formally identify / = g+ 
and / = g„. Doing this, we immediately realize that the two models differ in 
their interaction term which generalizes the cosine potential. While in H2.116|l 
the fields / and / show only self-interaction, the fields (7+ and g_ in (|2.1U2|I in- 
teract with each other. As we will see in section 2.3.6 this makes a big difference 
when evaluating the S-matrix elements. 

We close this section by observing that the equations of motion H2.95|l can 
also be obtained directly in two dimensions by using the bicomplex approach 
described in ^J. In fact, if instead of (|2.114|l we choose 

/ ei0+ _|_ e-T-^-- _ i £¥</■+ + ie"^"*-\ 
G = . . (2.117) 

Vie2'^'+ - ie-i"^- ei'^++e"i'^- / 



^This subsection switches to Euclidean space R^, where d and d are derivatives with respect 
to complex coordinates. 
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it is easy to prove that (|2.112|l yields exactly the set of equations H2.95|l . There- 
fore, by exploiting the results in jjl] it should be straightforward to construct 
the first nontrivial conserved currents for the present model. 

2.3.5 Solitons 

Dressing approach in 2+1 dimensions. 

The existence of the linear system allows for powerful methods to systematically 
construct explicit solutions for 'i' and hence for <i>^^ = ^lc=o or T. For our 
purposes the so-called dressing method 129, 10& proves to be most practical, 
and so we shall first present it here for our linear system (|2.68|) , before reducing 
the results to solitonic solutions of the noncommutative sine-Gordon equations. 

The central idea is to demand analyticity in the spectral parameter ^ for 
the linear system (|2.68|) . which strongly restricts the possible form of The 
most elegant way to exploit this constraint starts from the observation that the 
left hand sides of the differential relations fD):= (|2.t)9|) as well as the reality 
condition fR'l:= 12.70|l do not depend on C while their right hand sides are ex- 
pected to be nontrivial functions of C (except for the trivial case "if = 4"°). More 
specifically, CP^ being compact, the matrix function 'I'(C) cannot be holomor- 
phic everywhere but must possess some poles, and hence the right hand sides of 
(D) and (R) should display these (and complex conjugate) poles as well. The 
resolution of this conundrum demands that the residues of the right hand sides 
at any would-be pole in C have to vanish. We are now going to evaluate these 
conditions. 

The dressing method builds a solution 'I'Ar(<, y, C) featuring TV simple 
poles at positions jii, ^2, ■ ■ ■ , I^n by left-multiplying an (iV— l)-pole solution 
^'Ar_i(t, a;, y, C) with a single-pole factor of the form (l -f ^"Sj^^^ Pn {t,x,y)), 
where the nxn matrix function Pn is yet to be determined. In addition, we are 
free to right-multiply '^pf^i{t,x,y,(^) with some constant unitary matrix 
Starting from ^'o = 1, the iteration ^'qi— s-^at yields a multiplica- 
tive ansatz for ^I^jv which, via partial fraction decomposition, may be rewritten 
in an additive form (as a sum of simple pole terms). Let us trace this iterative 
procedure constructively. 

In accord with the outline above, the one-pole ansatz must read (5'° —: ^'") 

*i = (1 + ^^Pi) = (1 + Aiil) v,o (2.118) 

with some nxri matrix functions An and 5*1 for some l<ri<n. The normal- 
ization matrix \['° is constant and unitary. It is quickly checked that 

resc=pi(i?) -0 ^ pI = Pi = Pf ^ Pi = T^{tIt^)-^tI , 

(2.119) 

meaning that Pi is a rank ri projector built from an nxri matrix function Ti. 
The columns of Ti span the image of Pi and obey PiPi = Ti. When using the 
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second parametrization oi "ifi in (|2.118() one finds that 
resc=pi(i?) =0 => (1-Pi)5iA|i =0 ^ T, ^ Si 

(2.120) 

modulo a freedom of normalization. Finally, the differential relations yield 

resc=;,,(i?) = ^ (l-Pi)Zf^(5iAli) - ^ Zf 5i = rf 

(2.121) 

for some rixri matrices and Ff , after having defined 

Lf := and Zf := /i,(9,-/lA) for i = l,2,...,7V .(2.122) 

Because the ' arc linear differential operators it is easy to write down the 
general solution for (|2.121|l : Introduce "co- moving coordinates" 

Wi := x + p.iU + p.^^v =^ Wj = x + ^iU + nY^v for z = 1, 2, . . . , A'' 

(2.123) 

so that on functions of {wi, Wi) alone the Lf'^ act as 

Lf = If = (M.-M.)g|- ■ (2.124) 

Hence, (|2.121f) is solved by 

Si{t,x,y) = §i(7«i)e'^^ri/(^i-pi) 

for any twi-holomorphic nxri matrix fimction 5*1 (2.125) 

and F^ = Ff =: Fi. Appearing to the right of 5*1, the exponential factor is seen 
to drop out in the formation of Pi via H2.119|l and H2.120|) . Thus, no generality 
is lost by taking Fi = 0. We learn that any wi-holomorphic nxri matrix Ti is 
admissible to build a projector Pi which then yields a solution 'I'l (and thus $) 
via H2. 118(1 . Note that An need not be determined seperately but follows from 
our above result. It is not necessary to also consider the residues at C=/^i since 
their vanishing leads merely to the hermitian conjugated conditions. 

Let us proceed to the two-pole situation. The dressing ansatz takes the form 



= (l + ^P.)(l + 7^^0*^ = /^^ A^^ A^ 
^ C - ^ ^ C - Ml ^ ^ C - Ml C - M2 ' 

(2.126) 

where P2 and 52 are to be determined but Pi and Si can be copied from above. 
Indeed, inspecting the residues of (R) and (D) at C = Mi simply confirms that 

Pi = Ti{tITi)-^tI and Ti = Si with Si = S^i(wi) 

(2.127) 
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is just carried over from the one-pole solution. Relations for P2 and S2 arise 
from 



resc=p,(i?) -0 => (1-P2)P2 = ^ P2 = T2iT^T2)-'T^ , 

(2.128) 

resc=p,(i?) = ^ ^2{fi2)S2Al2 = (1-P2)(1 - ^Pi) 52AL = 0, 

(2.129) 

where the first equation makes use of the multiplicative form of the ansatz (|2.126|) 
while the second one exploits the additive version. We conclude that P2 is again 
a hermitian projector (of some rank r2) and thus built from an nxr2 matrix 
function T2. Furthermore, (|2.129|l reveals that r2 cannot be identified with 52 
this time, but we rather have 

T2 = (l-f^l^p,)s2 (2.130) 

instead. Finally, we consider 

iesc=r.AD) = ^2{n2)U''' {S2KI2) = L^'^52 = 52r^'^ 

(2.131) 

which is solved by 

S2{t,x,y) = S2{w2)e^^^^^^''^-^^^ (2.132) 

for any u;2-holomorphic nxr2 matrix function S2 and F^ = F^ —: F2. Once 
more, we are entitled to put F2 — 0. Hence, the second pole factor in H2. 126(1 
is constructed in the same way as the first one, except for the small complica- 
tion H2.130|) . Again, A21 and A22 can be read off the result if needed. 

It is now clear how the iteration continues. After TV steps the final result 
reads 



HN-e - IJ-N-e „ ^ I ,T,0 _ J 1 , J^Ni^i I ^^n 



N J 

(2.133) 



featuring hermitian rank projectors at i = 1, 2, . . . , iV, via 

^ T,{t}t,)-'t} with ^ |n(l - ^'-''^l-' P,.S\S, , 



IH-t — Mi 



(2.134) 
where 

S,{t,x,v) = S,{w,) (2.135) 
for arbitrary lUi-holomorphic nxr^ matrix fimctions Si{wi). The corresponding 
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classical Yang and Leznov fields are 

N 

^ 'i'UC^O) ^ Y[{^- P^P^) with 

i=l 

N 

Tn = lim C(^'jv(C)^V-l) = y^{p.-fir)n . (2.137) 

2 — 1 

The solution space constructed here is parametrized (slightly redundantly) by 
the set {Si}^ of matrix- valued holomorphic functions and the pole positions /i^. 
The so-constructed classical configurations have solitonic character (meaning 
finite energy) when all these functions are algebraic. 

The dressing technique as presented above is well known in the commutative 
theory; novel is only the realization that it carries over verbatim to the noncom- 
mutative situation by simply understanding all products as star products (and 
likewise inverses, exponentials, etc.). Of course, it may be technically difhcult to 
*-invert some matrix, but one may always fall back on an expansion in powers 
of 0. 



(2.136) 



Solitons of the noncommutative sine-Gordon theory 

We should now be able to generate iV-soliton solutions to the noncommutative 
sine-Gordon equations, say H2.10U|I . by applying the reduction from 2+1 to 1+1 
dimensions (see previous section) to the above strategy for the group U(2), 
i.e. putting n=2. In order to find nontrivial solutions, we specify the constant 
matrix £ in the ansatz (12.841) for 5* as 



which obeys the relations Sa^ = ai£ and Eai — —a^ £. Pushing £ beyond V 
we can write 

^{t,x,y) = W{x)g{u,v)W\x) with W{x) = e-'"^'^^ (2.139) 
and 

9+ A ct _ I (9++9- 9+-g- 



i [9+ ^\ 

g{u,v) = £g{u,v)£' = £ \^ ^ j£ 



9-J ^ \9+-9- 9++9' 



(2.140) 



With hindsight from the commutative case |1U8) we choose 

$^ = (73 Vz ^ ^% ^ (2.141) 

(which commutes with W) and restrict the poles of ^' to the imaginary axis, 
/Xi = \pi with Pi G R. Therewith, the co-moving coordinates H2.123|l become 

Wi = X - \{piU- p~'^v) =: X ~ i'qi{u,v) , (2.142) 
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defining rji as real linear functions of the light-cone coordinates. Consequentially, 
from (|2.136|) we get pi — 2 and find that 

N 

gN{u,v) = Y[{l-2Pi{u,v)) with Pi ^ W P,W^ . (2.143) 
1=1 

Repeating the analysis of the previous subsection, one is again led to construct 
herniitian projectors 

= T,{TlTi)~^T} with = TTfl Pl^p^_,)s, , (2.144) 

^Jl ^ Pi-e +Pi ' 

where 2x1 matrix functions Si{u,v) are subject to 

if^S.^S.f, for z = l,2,...,iV (2.145) 

and some numbers Ti (note that now rank ri=l) which again we can put to 
zero. On functions of the reduced co-moving coordinates rji alone, 

it'"" = W^lf-^'W = {n^-Jii)W^ -^W = ^^(^ + "'^3) (2.146) 

so that (|2.145|l is solved by 

5.(u,«) = 1.(77.) = {^''^ , J" \ = e"""'-^ (^'' \ with 7,1,7.2 e C 

(2.147) 

Furthermore, it is useful to rewrite 
l^ll^2=■.\^, and 7,2/7.1 =:t? f ) = >^^{^! ) (2-148) 

\17i2/ \17i/ 

because then |7i| may be absorbed into 77; by shifting arji 1— > arji -I- In |7i|. The 
multipliers drop out in the computation of Pi. Finally, to make contact with 
the form H2.140|l we restrict the constants 7^ to be real. 

Let us check the one-soliton solution, i.e. put A^^l. Suppressing the indices 
momentarily, absorbing 7 into 77 and dropping A, we infer that 

T = [ \ =^ P ^ 



2 ch2a77 



=^ g = f*^^"'' ^'^'""^ (2.149) 

which has detg — 1. Since here the entire coordinate dependence comes in 
the single combination ri{u,v), all star products trivialize and the one-soliton 
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configuration coincides with the commutative one. Hence, the field p drops out, 
g e SU(2), and we find, comparing H2.149|l with (|2.140|1 . that 

\{g++fJ-) = cosf th2a77 and ^(g+-g_) = sin f 

(2.150) 

which imphes 

tan I = e^^a,, ^ ^ ^ 4 arctane"^"'' = -2 arcsin(th2a?7) , 

(2.151) 

reproducing the well known sine-Gordon soliton with mass m = 2a. Its mod- 
uli parameters are the velocity v = j-ipp- and the center of inertia yo = 

—\/l—u'^ In I7I at zero time |1()8| . In passing we note that in the "ft, descrip- 
tion" the soliton solution takes the form 

hi = pth2m7 and h2 => h = pth(a77+^) = pe^' 

(2.152) 

Noncommutativity becomes relevant for multi-solitons. At N=2, for in- 
stance, one has 

92 = (1 - 2Pi) (1 - 2P2) with Pi=P from (Ens 
and P2 = f2(?|T2)-ifJ 

(2.153) 

where T, = {l - ^^P^) S, and ^2 = e'""-^ (p;' ) 
with 72 G M . 

We refrain from writing down the lengthy explicit expression for ^2 in terms of 
the noncommuting coordinates 771 and 772, but one cannot expect to find a unit 
(star-)determinant for 32 except in the commutative limit. This underscores the 
necessity of extending the matrices to U(2) and the inclusion of a nontrivial p 
at the multi-soliton level. 

It is not surprising that the just-constructed noncommutative sine-Gordon 
solitons themselves descend directly from BPS solutions of the 2+1 dimensional 
integrable sigma model. Indeed, putting back the x dependence via (|2. 139(1 . the 
2-t-l dimensional projectors Pi are built from 2x1 matrices 

(2.154) 

In the last expression the right factor drops out on the computation of pro- 
jectors; the remaining column vector agrees with the standard conventions 
|127[ 11031 11081 1106| . Reassuringly, the coordinate dependence has combined 
into Wi. The ensueing 2+1 dimensional configurations ^jv are nothing but non- 
commutative multi-plane-waves the simplest examples of which were already 
investigated in |1[)6| . 
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2.3.6 (Nice) properties of the S-matrix 



In this section we compute tree-level amplitudes for the noncommutative gen- 
eralization of the sine-Gordon model proposed in section 2.3.3, both in the 
Yang and the Leznov formulation. In commutative geometry the sine-Gordon 
S-matrix factorizes in two-particle processes and no particle production occurs, 
as a consequence of the existence of an infinite number of conservation laws. In 
the noncommutative case it is interesting to investigate whether the presence 
of an infinite number of conserved currents is still sufficient to guarantee the 
integrability of the system in the sense of having a factorized S-matrix. 

The previous noncommutative version of the sine-Gordon model we intro- 
duced and studied in section 2.2 is endowed with an infinite set of conserved 
currents. In section 2.2.9 we have seen that, despite the existence of an infinite 
chain of conservation laws, particle production occurs in that model and that the 
S-matrix is neither factorized nor causal.'^ As already stressed in section 2.3.4, 
the noncommutative generalization of the sine-Gordon model we proposed in 
p?7j and discussed in the present section 2.3 differs from the one studied in Pl] 
in the generalization of the cosine potential. Therefore, both theories describe 
the dynamics of two real scalar fields, but the structure of the interaction terms 
between the two fields is different. We then expect the scattering amplitudes 
of the present theory to behave differently from those of the previous one. To 
this end we will compute the amplitudes corresponding to 2 2 processes for 
the fields p and (/? in the 5-model (Yang formulation) as well as for the fields hi 
and h2 in the /i-model (Leznov formulation). In the g-model we will also com- 
pute 2^4 and 3 — > 3 amplitudes for the massive field Lp. In both models the 
S-matrix will tiun out to be factorized and causal in spite of their time-space 
noncommutativity. 



Amplitudes in the "(/-model". Feynman rules 

We parametrize the g-model with (p, ip) as in H2.1U4|) since in this parametriza- 
tion the mass matrix turns out to be diagonal, with zero mass for p and m—2a 
for Lp. Expanding the action H2. 104(1 up to the fourth order in the fields, we read 
off the following Feynman rules: 

• The propagators 

^ (PP) - ^ ■ (2.156) 

^Acausal behaviour in noncommutative field theory was first observed in T5' and shown 
to be related to time-space noncommutativity. 
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• The vertices (including a factor of "i" from the expansion of e'"^) 

= -^{kl - kl - 2kr hk2)F{ki,k2M) (2.157) 



,-'2 



2-3! 



fci A fc2 F{k\,k'2,ki) 



(2.158) 




1 



4 / 



3 



i / 9 , 2iQ!^ 

{kl + iki ■ ks) 



23-4! 



4! 



F{ki,k2, ks, ki) 



(2.159) 



■^3-^ (fc? + 3fci • fca) F(fci, fc2, fcs, fci) 



(2.160) 



3 ~- 



"25 (^1 - ^2 + 2A;i • ks - 2^2 • A;3 + 2ki Ak2 + 2ki A fca 



+2fc3 Afc2)F(fci,fc2,A:3,fc4) 
where we used the conventions of section 2 with the definitions 

and 



(2.161) 



uAv = UfVy — UyVt ■ (2.162) 
(2.163) 



U-V = -r? UaVb = UtVt - UyVy 

Moreover, we have defined 

F{ki,...,kn) = e^pi-^eY.'^^.kiAkj} . 

and use the convention that all momentum lines are entering the vertex and 
energy- momentum conservation has been taken into account. 

We now compute the scattering amplitudes cpcp ip(p, pp pp and tpp (pp 
and the production amplitude ipip — > pp. We perform the calculations in the 
center-of-mass frame. We assign the convention that particles with momenta ki 
and k2 are incoming, while those with momenta fcs and k4 are outgoing. 

Amplitude (pip ipip 

The four momenta are explicitly written as 

kl = {E,p) , k2 = {E, -p) , /C3 = {-E,p) , ^4 = i-E, -p) , (2.164) 
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with the on-shcU condition — = Aa^ . There are two topologies of dia- 
grams contributing to this process. Taking into account the leg permutations 
corresponding to the same particle at a single vertex, the contributions read 




The second diagram is actually affected by a coUinear divergence since the total 
momentum fci + fc4 for the internal massless particle is on-shell vanishing. We 
regularize this divergence by temporarily giving a small mass to the p particle. 
It is easy to see that the amplitude is zero for any value of the small mass since 
the wedge products fci A A;4 and ^2 A fca from the two vertices always vanish. 
As an alternative procedure we can put one of the external particles slightly 
off-shell, so obtaining a finite result which vanishes in the on-shell limit. 
Summing all the contributions, for the ^pip —t ipip amplitude we arrive at 

A^^^^^ = 2ia^ , (2.165) 

which perfectly describes a causal amplitude. 

A nonvanishing (ptp ipip amplitude appears also in the noncommutative 
sine- Gordon proposal of However, there the amplitude has a non- 

trivial 0-dependence which is responsible for acausal behavior. Comparing the 
present result with the result in |I36| . we observe that the same kind of dia- 
grams contribute. The main difference is that the exchanged particle is now 
massless instead of massive. This crucial difference leads to the cancellation of 
the 0-dependent trigonometric behaviour which in the previous case gave rise 
to acausality. 

Amplitude pp pp 

In this case the center-of-mass momenta are given by 

fci = {E, E) , k2 = {E, ~E) , fca = {-E, E) , ^ {-E, ~E) , (2.166) 

where the on-shell condition E^ — = Q has already been taken into account. 
For this amplitude we have the following contributions 
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1 



, 1 



, 



, 



3 



1 2 



3~-- 
2 , 



^E^ sm^{0E^) 



4~ • 



Again, a coUinear divergence appears in the second diagram. In order to regu- 
larize the divergence we can proceed as before by assigning a small mass to the 
p particle. The main difference with respect to the previous case is that now the 
p particle also appears as an external particle, with the consequence that the 
on-shell momenta in (|2.1()()|) will get modified by the introduction of a regulator 
mass. A careful calculation shows that the amplitude is zero for any value of 
the regulator mass, due to the vanishing of the factors ki A k4 and ^2 A from 
the vertices. 

Therefore, the two nonvanishing contributions add to 

App^pp = . (2.167) 



Amplitude ipp ipp 

There are two possible configurations of momenta in the center-of-mass frame, 
describing the scattering of the massive particle with either a left-moving or a 
right-moving massless one. In the left-moving case the momenta are 

fci = {E,p) , fc2 = (p, -p) , ^3 = {~E,p) , /C4 - {-p, -p) , (2.168) 
while in the right-moving case we have 

fci = {E, -p) , k2 = {p,p) , /C3 = {~E,p) , /C4 = {-p, ~p) . (2.169) 
For the left-moving case (12.1681) the results are 
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-^Ep sin{9Ep) siniOp'^) , 

^Ep sm(9Ep) sin(0p2) ^ 

.1 3/ 

, \ / = 

--'4 2'-- 

For the right- moving choice (|2. 169(1 . we obtain instead 



. 

In this second case an infrared divergence is present due to the massless propa- 
gator, but again it can be cured as described before. In both cases the scattering 
amphtude vanishes, 

A^p^^p = . (2.170) 

Amplitude ip(p — > pp 

The momenta in the center-of-mass frame are given by 

h = iE,p) , k2 - {E, ~p) , fc3 = i-E, E) , h = i-E, -E) . (2.171) 

In this case we have three kinds of diagrams contributing. The corresponding 
results are 
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= ^Ep sm{0Ep) sm{eE^) 



= -^Ep sm{9Ep) siniOE'^) 



4/' ~\ 3 








Summing the four contributions, we obtain 

A^^^pp = (2.172) 

as it should be expected for a production amphtude in an integrable model. The 
same is true for the time-reversed production, 

App^^^ = . (2.173) 

Summarizing, we have found that the only nonzero amplitude for tree-level 

2^2 processes is the one describing the scattering among two of the mas- 
sive excitations. The result is constant, independent of the momenta and so 
describes a perfectly causal process. Since the result is independent of the 
noncommiitation parameter 6 it agrees with the four-point amplitude for the 
ordinary sine-Gordon model. Finally, we have found that the production am- 
plitudes (pip pp and pp (pip vanish, as required for ordinary integrable 
theories. 

As a further check of our calculation and an additional test of our model 
we have computed the production amplitude (p(p WW a^nd the scattering 
amplitude (p(p(p — > (pipip. In both cases the topologies we have to consider are 
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Due to the growing number of channels and ordering of vertices, it is no longer 
practical to perform the calculations by hand. We have used Mathematica® 
to symmetrize the vertices and take automatically into account the different 
diagrams obtained by exchanging momenta entering a given vertex. The com- 
putation has been performed with assigned values of the external momenta but 
arbitrary values for and 9. We have found a vanishing result for both the 
scattering and the production amplitude. This is in agreement with the com- 
mutative sine-Gordon model results. 



Amplitudes in the "/i-model" 

We now discuss the 2 — s- 2 amplitudes in the Leznov formulation. The theory is 
again described by two interacting fields, hi massless and h2 massive. Referring 
to the action (|2.111|l we extract the following Feynman rules, 

• The propagators 

= {hihi) 

= {h2h2) 

• The vertex 

'iaik3t-k3y)Fiki,k2,k3) . (2.176) 



Again, we compute scattering amplitudes in the center-of-mass frame. Given 
the particular structure of the vertex, at tree level there is no hihi — > hihi 
scattering. To find the /i2/i2 /i2^2 amplitude we assign the momenta (|2.164f) 
to the external particles. The contributions are 



1 

2fc2 



i/2 



4a^ 



(2.174) 
(2.175) 
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= 16 i a'^ coa'^ (9 Ep) , 



We note that a coUinear divergence appears in the last diagram which can be 
regularized as described before. Summing the two nonvanishing contributions 
we obtain complete cancellation. 

For the /i2ft.2 — > hihi amplitude the center-of-mass-momenta are given in 
H2.171|) . The only topology contributing to this production amplitude has two 
channels, yielding 



4 




which are both zero, so giving a vanishing result once more. The same is true 
for the hihi — > /12/12 production process. 

Finally, for the /ii/i2 — > ^1/^2 amplitude, we refer to the center-of-mass mo- 
menta defined in H2.168|) and (|2.169|l . In both cases the contributions are 



V 1 3/ 

= , '\^( = , 

,'''2 4 --'4 2"-- 

and so we find that the sum of the two channels is always equal to zero. 

Since all the 2^2 amplitudes vanish, the S-matrix is trivially causal and 
factorized. 

Both in the ordinary and noncommutative cases the "/i-model" is dual to the 
"g-model" . In the commutative limit the "g-model" gives rise to a sine-Gordon 
model plus a free field which can be set to zero. In this limit our amplitudes ex- 
actly reproduce the sine-Gordon amplitudes. On the other hand, the amplitudes 
for the "/i-model" all vanish. Therefore, in the commutative limit they do not 
reproduce anything immediately recognizable as an ordinary sine-Gordon am- 
plitude. This can be understood by observing that, both in the ordinary and in 
the noncommutative case, the Leznov formulation is an alternative description 
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of the sinc-Gordon dynamics and obtained from the standard Yang formulation 
by the nonlocal field redefinition given in H2.110I) . Therefore, it is expected that 
the scattering amphtudes for the elementary exitations, which are different in 
the two formulations, do not resemble each other. 

2.3.7 Conclusions 

In this section 2.3 I have introduced and discussed a novel noncommutative 
sine-Gordon system j37j based on two scalar fields, which seems to retain all 
advantages of 1+1 dimensional integrable models known from the commuta- 
tive limit. The rationale for introducing a second scalar field was provided by 
deriving the sine-Gordon equations and action through dimensional and alge- 
braic reduction of an integrable 2-1-1 dimensional sigma model: In the non- 
commutative extension of this scheme it is natural to generalize the algebraic 
reduction of SU(2)^U(1) to one of U(2)^U{l)xU(l). We gave two Yang-type 
and one Leznov-type parametrizations of the coupled system in (|2.95|) , H2.100|) 
and H2. 109(1 and provided the actions for them, including a comparison with 
previous proposals. It was then outlined how to explicitly construct noncom- 
mutative sine-Gordon multi-solitons via the dressing method based on the un- 
derlying linear system. We found that the one-soliton configuration agrees with 
the commutative one but already the two-soliton solutions gets Moyal deformed. 

What is the gain of doubling the field content as compared to the standard 
sine-Gordon system or its straightforward star deformation? Usually, time-space 
noncommutativity adversely affects the causality and unitarity of the S-matrix 
(see, e.g. [1121 1341 even in the presence of an infinite number of local 

conservation laws. In contrast, the model described in [37] seems to possess an 
S-matrix which is causal and factorized, as we checked for all tree-level 2 — > 2 
processes both in the Yang and Leznov formulations. Furthermore, we verified 
the vanishing of some 3 — s- 3 scattering amplitudes and 2 — > 4 production 
amplitudes thus proving the absence of particle production. 

It would be nice to understand what actually drives a system to be integrable 
in the noncommutative case. A hint in this direction might be that the model 
proposed in |34| has been constructed directly in two dimensions even if its 
equations of motion (but not the action) can be obtained by a suitable reduction 
of a four dimensional system (noncommutative self-dual Yang-Mills). The model 
proposed in this paper, instead, originates directly, already at the level of the 
action, from the reduction of noncommutative self-dual Yang-Mills theory which 
is known to be integrable and related to the N=2 string |82j . 

Several directions of future research are suggested by our results. First, one 
might hope that our noncommutative two-field sine-Gordon model is equivalent 
to some two-fermion model via noncommutative bosonization. Second, it would 
be illuminating to derive the exact two-soliton solution and extract its scattering 
properties, either directly in our model or by reducing wave- like solutions of 
the 2+1 dimensional sigma model [1061 1105] . Third, there is no obstruction 
against applying the ideas and techniques of this paper to other 1+1 dimensional 
noncommutative integrable systems in order to cure their pathologies as well. 
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Chapter 3 



Covariant superstring 
vertices and a possible 
nonconstant superspace 
deformation 

3.1 An introduction to the pure spinor super- 
string 

In this section I will mostly refer to the review paper ■ 

3.1.1 Motivation: Problems with RNS and GS formalisms 

In section 1.2.2 I have briefly outlined how the discussion of the stringy origin of 
bosonic noncommutative geometry presented in section 1.2.1 can be generalized 
to the superstring, in both RNS and GS formahsms. As anticipated, both of 
them display some awkward features, due to their target-space or worldsheet 
symmetry structure, respectively. 

The RNS formalism is characterized by an A'^ = 1 worldsheet supersymme- 
try. The field content is the set of bosonic coordinate fields x™ (worldsheet 
scalars and spacetime vectors) together with the worldsheet spinors (and space- 
time vectors) V'™- The worldsheet action for the string in a flat background is 
quadratic, therefore the quantization in this formalism is straightforward. After 
a suitable consistent truncation of the spectrum (GSO projection), the theory 
also enjoys target space supersymmetry, but clearly this symmetry is not man- 
ifest. As a result, a series of problems arises, for instance in the computation of 
amplitudes with more than four external fermions and in dealing with general 
R-R backgrounds. 
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The GS formalism instead is manifestly target-space supersymmetric, but 
the worldsheet symmetry structure is quite complicated. Target space is a 
ten-dimensional superspace described by the bosonic coordinates a;™ and their 
superpartners 0", 9^ (in type II case). For the number of physical fermionic 
degrees of freedom to be related to the bosonic ones as required by target- 
space supersymmetry, a worldsheet fermionic local symmetry must be present 
(K-symmetry, |136p . Therefore, the natural supersymmetric generalization of 
the bosonic string action 

Si= J (faVhh'm^ ■ Uj (3.1) 

where h^^ is the worldsheet metric and 11™ is the supersymmetrized bosonic 
momentum, does not work, not being K-symmetric. When iV < 2 a WZ term 
S2 can be added, so that the resulting action S = 6*1 -f 5*2 is K-symmetric 
(for this discussion the reader can refer to A and references therein). S in 
conformal gauge and in a flat background is given by (|1. 170(1 with B = 0. It is 
nonquadratic and describes a complicated, interacting worldsheet field theory. 
This fact prevents quantization except in light-cone, where the action reduces 
to a quadratic form. Since light-cone gauge is not manifestly Lorentz covariant, 
problems in the computation of amplitudes emerge also in this formalism and 
only four-point tree and one-loop amplitudes have been computed. Moreover, 
backgrounds that do not allow for a light-cone choice cannot be dealt with at 
the quantum level. 

An alternative approach to the GS formalism was introduced by Siegel [221 ■ 
The main problem of the GS superstring is that a set of phase-space constraints 
arise at the classical level whose structure do not allow for a Dirac quantization 
procedure. In particular, since the conjugate momenta Pa to the fermionic 
variables 0" do not appear in the action, one has phase space constraints da = 
together with the Virasoro constraint T — —ill- 11 — related to the conformal 
gauge choice. The anticommutator of the d's is proportional to the II's. As a 
result, half of the fermionic constraints are first class and half are second class 
|138| . The separation of the two different kinds of constraint cannot be achieved 
in a manifestly Lorentz covariant way. This explains why quantization of the 
model only works in light-cone gauge. 

In Siegel proposed to rewrite the GS action in a first order formalism 
for the fermionic variables, hoping that a set of phase space constraints that 
are all first class could be found. These contraints were to be constructed out 
of the supersymmetric objects W", dO°' and the GS constraint da, no longer 
constrained to vanish. The explicit form of the left-moving contribution to the 
GS action in conformal gauge in Siegel formalism is 

S = J d^z(^^dxradx"' +pad9°'^ (3.2) 

where the fermionic conjugate momenta Pa are independent variables. This 
approach was shown to work for quantizing the superparticle, but not the su- 
perstring, since its correct physical spectrum was never obtained. We should 
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note that the action (|3.2() is quadratic and therefore it is immediate to determine 
the OPE's between the free fields. Quantization of this theory is as simple as 
the in RNS formalism. 

In the next section we will see how Siegel action H3.2II is the starting point for 
the construction of a formalism for the superstring that allows for a covariant 
quantization and describes the same physics as the RNS and GS strings. 



3.1.2 Pure spinor superstring basics 

From now on I will use the Weyl representation of the 32 x 32 ten-dimensional 
Dirac matrices, where they are off-diagonal and 7^ and 7"^ are the real sym- 
metric 16 X 16 off-diagonal blocks, satisfing the Fierz identities Jmaipl^s) ~ ^■ 
Useful properties to keep in mind are the following. Every symmetric bispinor 
can be decomposed in terms of a vector and a five form as 

JaP — lapJm ~r 7q/3 Jmnpqr I'^-'Jj 

while every antisymmetric bispinor can be decomposed in terms of a three form 
as 

/q/3 = YaP^fmnp (3.4) 

Our conventions for d = 10 iV = 2 superspace covariant derivatives and 
supersymmetry charges are 

Da=d& + ^{-f"'9)a,drn, Q & ^ d& - ^{j"' 0^8^ , (3.5) 



which satisfy 







{D^,Qp} = 0, {Ds,,Q^} = 0. (3.6) 



Berkovits completed Siegel action (|3.2() by adding some missing worldsheet 
ghost degrees of freedom. The evaluation of what's missing in Siegel approach 
can be achieved by "counting" . Siegel action (|3.2|l gives the free-field OPE's 

x"'iy)x"{w) ~ -277™" log \y - w\ 

Pc.{y)e^H-S^M-w)-' (3.7) 

From this, we can determine the contributions of the different fields to the 
conformal anomaly. Since fermionic fields contribute -32 and bosonic ones 
+10, the missing fields should contribute -|-22. Moreover, one can consider 
the contribution to the Lorentz current coming from fermionic degrees of free- 
dom Mjnn = and Compare to the analogous term in RNS formalism 
Mmn = tpmipn- The current-current OPE's are similar, except for the coeffi- 
cient of the double pole term, which is -1-4 in Siegel case and +1 in RNS case. 
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Therefore, the missing ghost variables should contribute to the Lorentz current 
in a way to produce a -3 in the double pole. 

Indeed, Berkovits found that an irreducible representation of SO{9, 1) with 
these characteristics exists. This is a bosonic pure-spinor satisfying 

A7"A = (3.8) 

To solve this constraint and find the free ghost fields, one has to break the 
manifest Lorentz covariance to a U{5) subgroup of (Wick rotated) SO{10). In 
terms of this parametrization one can write down the ghost-field action, check 
that the OPE of the ghost contribution to the Lorentz current has a -3 coefficient 
in the double pole and that the stress tensor has central charge +22, as required. 
Apparently, one goes back to the old problem of the lack of manifest Lorentz 
covariance. However, one can formally write down an action in the form 

j (fz (^dxradx"^ + PaBe'^ + u>„aA"^ + right moving (3.9) 

where the independent conjugate momenta Wa of the ghost field A" have been 
introduced, and then "remember" that the A fields are constrained by equation 
(|3.8|l . Both the action and the pure spinor constraint are manifestly Lorentz 
covariant. The problem is how to deal with constrained fields in a path integral 
approach. 

When there are first class constraints in a theory, a BRST quantization pro- 
cedure can be applied and the BRST charge is constructed out of the constraints 
themselves multiplied by ghost fields. When the constraints are second class, 
this does not work because the BRST charge one obtains is not nilpotent. In 
Berkovits approach to the superstring, the (left-moving) BRST-like charge is 
defined as 

j dzX^da (3.10) 

where da is the constraint of the GS superstring that in this formalism plays 
the role of the supersymmetric version of the fermionic conjugate momentum 

Pa 

da=Pc.- ^9x™(7„0)„ - ^{j"^0)a{9jrnde) (3.11) 

Therefore, this construction of Q could be reminiscent of some sort of BRST 
quantization of the GS superstring. 

From the free OPE's H3.7|l one can compute the OPE's between the compos- 
ite variables da and find 

daiy)d0iw) ^ ~{y - w)-'jZ'p^M (3.12) 

Therefore the BRST charge (j3.10(l is nilpotent because of the pure spinor condi- 
tion 1)3.8(1 . Also because of the pure spinor condition, one observes that the ghost 
conjugate momentum Wa can only appear in combinations that are invariant 
under the gauge transformation 

SWa^Am{l"'XU (3.13) 
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with arbitrary A^. These gauge- invariant combinations are the pure spinor 
contribution to the Lorentz current Nmn = \ ■ (w7mnA) : and the ghost number 
current J =: WqA" :. 

In the superparticle case, the BRST charge (|3.1U|I and pure spinor condition 
H3.8|l can be obtained by an honest, although unusual, gauge fixing procedure 
starting from the Brink-Schwarz action in semi-light-cone gauge rewritten in 
the Siegel formalism. 

Unfortunately, no analogous procedure works for the superstring. Following 
the usual prescription of the BRST quantization rules, we could start from the 
GS superstring and define the quantum action as follows 

So = Sgs + Q J dPzwJe'^ (3.14) 

where Sgs is the Green-Schwarz action in conformal gauge 4 . By moving 
on to a Siegel description for fcrmionic fields and by explicitly writing down 
all the contributions to (|3.14|l . one obtains 13.9|l . Even if this looks like the 
usual BRST procedure, we have to notice that the BRST-like operator Q is 
nilpotent up to gauge transformations (|3.13|) . This compensates the fact that 
the Green-Schwarz action is not invariant under BRST transformations. In 
addition, we can always add BRST invariant terms to the action. However, 
there is no procedure to get (|3.14|l from an honest gauge fixing of the Green- 
Schwarz action (a suggestion is given in |139p . 

Now I'm going to discuss pure spinor superstring vertex operators. I will first 
derive the open superstring vertices for simplicity. Closed superstring vertices 
will be studied in much detail in section 3.1.3. 

Since in the open string case vertices are to be inserted on the boundary 
of the worldsheet, where the boundary condition 9 = 9\z=z holds, they can be 
expressed in terms of the left-moving fermions only (or, more correctly, in terms 
of the linear combination 6^ = -^(9 + 0) and the corresponding one for the 
fcrmionic momenta). 

Physical states for the open superstring are defined as ghost-number one 
states in the cohomology of Q, defined in H3.10|l . with A satisfying the pure 
spinor condition H3.8|l . Open superstring vertex operators with (mass)^ = ^ 
are constructed out of the fields x™, 9", da, A" and the gauge invariant objects 
N„in and J containing the ghost momenta. They are obtained as the generic 
combinations with ghost number one and conformal weight n at zero momen- 
tum. Since the composite objects da, Nmn and J carry conformal weight one 
and A" carries ghost number one, it is clear that for instance the most general 
vertex operator at (mass)^ = is 

V'^^^ =\°'Aa{x,9) (3.15) 

By requiring QV^^-* = 0, one obtains the equations of motion for the spinor 
superfield Aa{x, 9). By making use of the OPE 

da{v)Ap{x, 9){w) ^ DaAp{w) (3.16) 
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one finds that the superfield Aa{x,9) must satisfy tlie equation X'^X'^ DaAp = 
0. Because of the property H3.3|l and the pure spinor condition H3.8I) . this is 
equivalent to 

jZip^rDcAp - (3.17) 

It can be shown that these are the superMaxwell equations written in terms of a 
spinor superfield. Equation QU = is invariant under the gauge transformation 
SU — QQ where n is a generic scalar superfield. Indeed, this implies the gauge 
transformation for the spinor superfield SAa = DaQ, which is the expected 
gauge transformation of superMaxwell theory. 

Going on to the next mass level, (mass)^ — ^, one finds that the most general 
vertex operator is 

Vf^ = dX''A^{x,e)+ ■.d9'^X°'B^p{x,e) : + ■.d^X°'C'^^{x,9) : 

+ : n™A"i/„„(x,0) : + : JX''E^{x,0) : + : A^'""A"F,™„(a;, 0) : 

(3.18) 

Cohomology equations and gauge transformations imply that the superfields 
appearing in the vertex describe a spin two multiplet. 

The integrated massless open superstring vertex operator J dzV^^^ can be 
obtained by making use of the cohomology descent equation 

[Q,V("'] ^9V(i) (3.19) 

V^°^ is expanded in terms of the 1-forms X — (50", 11™, da, ^Nmn) as follows 

V(") = d9''Aa{x, 6) + W^A„,{x, 9) + d^Wix, 9) + iiV™„F™" (3.20) 

The descent equation H3.19|l is satisfied when the superfields A^, A^, W^" and 
Fjnn are governed by the superMaxwell equations 

DcAa + Dp Ac, - lapA^ = 

DaAm - dmAa - ^rnafiW^ = 

A"A'^(7™„)/i?a^^"" = (3.21) 

The last equation is redundant, since it is implied by the previous one and by 
the pure spinor condition H3.8(l . The vertex (|3.20(l was first found by Siegel in 
|89j . except for the pure spinor term, by making use of superspace arguments. 

All this discussion can be easily generalized to type II closed superstrings. 
The field content is x™ where m = 0, ... ,9, two Majorana-Weyl spinors 9°', 
6" with a ^ a — 1, . . . , 16 (with opposite or same chirality depending whether 
one is in IIA or IIB case), their conjugate momenta pa, Pa, two ghosts A", A" 
satisfying the pure spinor conditions 

A7'"A = 0, A7™A = 0, 
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and the corresponding conjugate momenta Wa, Wa- Again, supersymmetric 
versions of the fermionic conjugate momenta can be introduced as follows 

z a 

d& = Pa - i9a;'"(7m^)d - ^(7"^)a(^7m5^) , (3.22) 
The BRST operators are defined by 

Ql= <l> dzX'^da , Qb = dzX^da . (3.23) 

which satisfy 

Ql=- j>dz\-i^m„,, [Ql,Qr]=Q, Ql = - (j^dzXY^xX,, (3.24) 

where IT™ and 11™ are the left- and right-moving supersymmetrized bosonic 
momenta 

n™ = dx"^ + ^e-f'^de ; n™ = 9x™ + i^7"a^ (3.25) 

Due to pure spinor constraints, the BRST charges are nilpotent up to gauge 
transformations of Wa, Wa, given by 

Slw^ = A,„(7"A)„ , Snwo. = K^{TX)^ . (3.26) 

with arbitrary local parameters A™ and A^. Gauge invariant operators are 

Jl =: WaA" : , Jfl w^A" : , 

Nl = \: wj"''^X : , A^i? = ^ : W7""A : , 

(3.27) 

By formally following the usual prescription of the BRST quantization rules, 
we can define the quantum action starting from the GS superstring in Siegel 
formalism as follows 

So = Sgs + Ql J d^zwje'' + QrJ d^zw&de^ . (3.28) 

By exploiting the different contributions in (|3.28(l . we obtain 

So = J d^z (^^dx"'dxm + pade°' + pad9" + WadX"" + w&dX"^ , (3.29) 

which is BRST invariant and invariant under the gauge transformation H3.26|l 
if the spinors A", A" are pure. The action is also invariant under the N — 2 
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supersymmetry transformations generated by Qe = e" / dzqa + / dzqa where 
the exphcit expressions for the supersymmetry currents are 

q&=P& + ^5x"(7„,^)5 + ^(0V"5^)(7m^)a . (3.30) 

It is interesting to note that these do not anticommute with the BRST operators 
Ql and Qji, since 

[QL,qa] = dxa , [Qr, Qf^] = dxp (3.31) 

where Xa a-nd x^ are the BRST- invariant quantities 

Xo. ^ \we){^me)o. , = J(V^)(7p^);§ (3.32) 

We also introduce the Lorentz currents 

L"" = i : : +i : (p7'""6') : + : A^""" : , 

LP9 = 1 : axIPx"! : +i : : + : iVP« : , (3.33) 

which satisfy the foUowing commutation relations with the BRST charges 

[Ql, L™"] = ag™"; [Qr, L-p"] = BgP'i (3.34) 

where 

5™" = i(^7'-A)(4"a;"l + ^(^7^7™"^)); = ^(^"7'"A)(4^'2;«1 + -^{hrl'"'0)) 

(3.35) 

are BRST invariant. By using the equations of motion from H3.29|l it is easy to 
show that the currents qa, q^, X^da, X^dp, -L™" and L^^ are holomophic and 
anti-holomorphic, respectively. 

In the following section I will describe in detail type II vertex operators, 
their descent equations and the corresponding superfield equations of motion 
and gauge transformations. These closed string vertices are as usual obtained 
by taking the left-right product of the open superstring vertices I described in 
the present section. 

3.1.3 Type II superstring vertex operators 

In this section I will describe in detail the construction of the closed superstring 
ghost number (1, 1) local vertex operator V*-^'^-* and of the integrated vertex 
operators / dz vi°'^\ / dz V^^''^\ and J dz A dz V^g"', related to it by the 
closed string descent equations. 
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Introducing the notation ol^^^j'''' for local vertex operators with ghost number 
a{b) in the left (right) sector and (anti)holomorphic indices c(ci), we identify 



0(04) ^ -i;(0, "4 , Ol^'f^^ ^Vi'''\ 



off = vf,'Uz^d-z. (3.36) 



The descent equations read"'^ 



[QL,0^:,f] ^dOtVf ' iQn'^^iT^ = dOi:l\'^ , (3.37) 

where d — dzdz and d — dzdz are the holomorphic and antiholomorphic differ- 
entials. Ql and Qji are the BRST charges for holomorphic and antiholomorphic 
sectors we introduced in (|3.23|l . More explicitly, at the first level we have 

[Ql,V(1'1)] = 0, [Qfl,,v(i'i)] = 0, (3.38) 

while at the next level we get 

[Ql, Vf'i)] = 9.V(i'i) , [Qr, Vi°'i)] = , (3.39) 



[Qn, Vl'^°)] = a^V^i'i) , [QlM'^"^ = , (3.40) 

and, finally, 

[QLMrh - OM'-'^ , [Qr, Vir^] = -a^vf . (3.41) 

The vertex operators ol"'^^ are to be expanded in powers of ghost fields A" 

and A" or in powers of the supersymmetric holomorphic and antiholomorphic 
1-forms 

(3.42) 

The explicit expressions of these 1-form operators in terms of sigma model fields 
are given in (|3.22l 13.251 13.27(1 . The coefficients are superfields of the coordinates 
x™, and O". A further relation is obtained by acting from the left on the 
first equation of (|3.41|l with Qj^ or on the second with Ql. Using eqs. (|3.39|l . 
one obtains 

[QR,[QL,vil''^]] = dzd,V^'''\ (3.43) 

which is the closed string analogue of H3.19|l and relates the integrated vertex 
Vi^'^^ to the unintegrated one V*-^'^^ . 

^Here we use the square brackets to denote both commutation and anti-commutation 
relations. The difference is established by the nature of the operators involved in the relations. 
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Equations (|3.38l 13.391 13.41|l are invariant under the gauge transformations 
given by 

<5v(i'i) = [Ql, A(°'i)] + [Qfl, A(i'°)] (3.44) 

Svi'^''> = [Q^,rf ^")] +9,A(i'°) , 5Vi°'i) = [Qr,4'^'^] + d.A^'''^ (3.45) 

jvir' = S.rf-"' - 9,rio.") (3.46) 

where the zero forms A^"'-'^) and A*^^'°^ have ghost number (1, 0) and (0, 1) and are 
proportional to A" and A", and the coefScients are superfields. The hofomorphic 
and antihofomorphic 1-forms ri°'°^ and r^^'"^ are to be expanded in terms of 
the 1-forms and given in H3.42|l and coefficients are again superfields. 

In addition, the gauge parameters A^"^^), A(^'°\ ri"''^-' and Tj"'"'' must satisfy 
the following consistency conditions 

[Ql,A(1'°)]=0 [Qfl,A(O'i)]=0, (3.47) 

and 

[Qi,r(0-o)]+a,A(i'0) =0 [Q«,rf°)] + 9,A("-i) =0. (3.48) 

These equations resemble the descent equations for the open string vertex op- 
erator V^^^ = A"Aq, but in that case there are boundary conditions for the 
fermionic fields: 9"{z) = 6°'{z) aX z ^ z. 

Equations (pHTjl and (pO^ are further invariant under the gauge transfor- 
mo^tj ions 

5A(i'0) - [Ql, T("'°)] , <5A("'i) = [Qfl, T(°'°)] , (3.49) 



^ri^^o) = -9,T(°-"' , (Jrf = -9,-t("^o) . (3.50) 

where T'^°'"' and T(°'°) are generic superfields. However, consistency with (|3.45|) 
imposes 

Y(o,o) ^ f(o,o)^ Tj^g superfield T^O-O) wiU be useful to define a suitable 
gauge fixing procedure and to take into account the reducible gauge symmetry 
of the NS-NS two form of 10-dimensional supergravity. 

To derive equations (|3.39|l we can view the vertex operators vf'^'' and Vj^'°^ 
as deformations of the BRST charges 

Ql^Ql+ <[ dzVi^'^'K Qr-^Qr+ (f>dzV'i''^\ (3.51) 



and the vertex operator V^j'"'' as the deformation of the action 

S-^ S + j dzdzVi°'°'^ . (3.52) 

Eqs. (|3.38() are derived by requiring the nilpotency of the new charges and the 
vanishing of their anticommutation relation. 
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3.1.4 Amplitudes 



Since the worldsheet ghost variables A" are constrained by the pure spinor 
condition 1)3. 8|l . it is not obvious how the define a path integral in this variables 
and therefore how to compute superstring amplitudes. For this reason in |14U| a 
different formulation was proposed where the pure spinor constraint is relaxed by 
adding more fields to the theory. Clearly this should be done without modifying 
the BRST cohomology, that was shown to reproduce the correct superstring 
physical spectrum |141l 1142) . However, Berkovits recently showed '3T' that 
multiloop superstring amplitudes can be computed in the pure spinor formalism, 
by introducing an analogue of the RNS "picture changing" operators. 

When only tree-level amplitudes are under concern, a prescription can be 
given to compute them relying on properties of BRST cohomology, as shown 
in jl43| . The prescription given there was shown to coincide with the standard 

RNS one in |144j . In terms of the vertex operators o|.°/\ the amplitudes on 
the sphere are defined as 

X+3 = (v(i'i)(zi,zi)V(i^i)(z2,^2)V(i^i)(z3,^3)n / dzdzV^'^'^'^) (3.53) 

where the three unintegrated vertex operators are needed to fix the SL{2, C) 
invariance on the sphere. An unintegrated vertex V^^'^^{zi, zi) can be replaced 
by a product of (1,0) and (0,1) vertices § dzV^z'''^^ § dzV^^'^^ which has the 
same total ghost number and the same total conformal spin as the original 
vertex V^^'^^. In 143 supersymmetry and gauge invariance were proven under 
the assumption that the prescription for the zero modes is the following 

(V(3^^)) = 1 (3.54) 

where 

V(3.3) = (Ao7"eoAo7"^oAo7^^oeo7mnpeo)(Ao7™^oAo7"^oAo7^^o^o7m«p4) ■ 

(3.55) 

As anticipated, this zero-mode prescription is justified by cohomological ar- 
guments. In fact, by analogy with the RNS case, one deduces that the the 
expectation value for the -1-3 ghost-number vertex operator for the Yang-Mills 
antighost must be fixed to one and there is a unique state of such ghost number 
in the pure-spinor BRST cohomology, given by V^'^'^''. 

In [31) Berkovits has given a general prescription for the computation of 
multiloop amplitudes in the pure spinor formalism for the superstring. Since in 
my work I didn't compute amplitudes, I'm not going to give technical details 
about this. However, I will discuss the various difficulties that were overcome 
in ini- 

As outlined in section 3.1.1, the ghost variables can appear only as A" (with 
conformal weight 0) or in the two gauge-invariant combinations iVmn and J 
(with conformal weight 1). Because of the pure spinor constraint 1)3. 8)1 . A" 
has only eleven free components. As a result, on a genus g surface A" has 
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eleven independent zero- modes and Nmn and J have llg ones. It is not obvious 
how to determine a Lorentz covariant prescription to integrate over these ghost 
zero-modes. A Lorentz- invariant measure for A [DX] was constructed in 
Moreover, it has been noted that zero modes of N and J are related by a 
constraint following from the pure spinor relation (|3.8|) , such that all these zero- 
modes can be expressed in terms of ten free N zero-modes. The measure for 
these free modes, [DN], is also given in |31'. 

On a genus g surface, one integrates out all the non-ghost fields and the 
ghost non-zero-mode fields by making use of the given OPE's. One is then left 
with an expression like 

A={f{X,N,,Ju...,Ng,Jg)) (3.56) 

that only depends on the ghost zero-modes. Then one uses the Lorentz invariant 
measures to define the integration over these zero-modes 

A = J[VX][VNi] . . . [VNg\f{X,Ni, Ji, . . . ,iVg, Jg) (3.57) 

To compute the integral, as in RNS formalism '137' , it is necessary to insert pic- 
ture changing operators involving the delta-functions 5(Cq,A"), (5(i?m„A^™") and 
5{J), where the constant spinor and antisymmetric tensor Cq and Bmn should 
not affect the amplitudes (that otherwise could not be Lorentz invariant!). These 
picture changing operators will be called Yc , Zb and Zj respectively. Their in- 
sertion in loop amplitudes is necessary to absorb the ghost zero-modes. Exactly 
as in the RNS formulation, picture changing operators must be BRST-invariant 
with a BRST-trivial worldsheet derivative, this second requirement needed for 
the amplitudes to be independent of PCO's positions on the worldsheet. In 
|31| operators with these properties were constructed and it was also shown 
that even if they are not supersymmetric, their variation is BRST-trivial. As 
a result, supersymmetry is preserved (up to surface terms). In [2] it was also 
shown that the computation of tree amplitudes with the Lorentz covariant mea- 
sure for pure spinor zero-modes agrees with the previous prescription obtained 
by cohomology arguments. 

To compute loop amplitudes a last ingredient is missing. In fact, in RNS 
formalism, in the computation of a g-loop amplitude the insertion of (3^ — 3) 6- 
ghosts is necessary. The 6-ghost has —1 ghost number and satisfies the relation 
{Q,b{u)} = T{u) where T is the stress tensor. The problem is that in the 
pure spinor formalism the ghost conjugate momentum Wa only appears in the 
gauge invariant combinations Nmn and J that have both ghost-number zero. So 
apparently there is no candidate for an analogue of the h ghost in this formalism. 
However, in [2] it was shown that the picture raising operator Zb-, that will 
be present in the expression of a general multiloop amplitude, can be used 
to construct a nonlocal operator 6^, carrying ghost-number zero, such that 
{Q, bB{u, z)} — T{u)Zb{z). From &s(u, z) it is possible to define a local bB(u), 
however for the computation of the amplitudes it will be sufficient to know the 
nonlocal operator (about this topic, see also |145j V 
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With all these ingredients one can give the following super-Poincare covari- 
ant prescription for the computation of a generic A^-point g-loop closed string 
amplitude 



where | p means left-right product, rp are the Teichmuller parameters associated 
to the Beltrami differentials /ip(Mp) and Vritr) are the dimension (1,1) closed 
superstring vertex operators for the N external states. When g = 1, the general 
prescription (|3.58|) must be modified, as usual, by changing one integrated vertex 
operator with an unintegrated one. 

Even though this formalism is quite cumbersome for computing superstring 
amplitudes, it makes it easy to prove some general vanishing theorems, as it is 
somehow expected because of the great amount of manifest symmetries. Actu- 
ally, the general vanishing of certain amplitudes can be deduced by just count- 
ing zero-modes. For instance, S-duality of type IIB superstrings imply that 
terms in the low energy effective action do not receive perturbative corrections 
above one loop |14f)| . In RNS formalism, this was checked only up to two loops 
in | 147| . In the pure spinor formalism for the superstring, instead, this can be 
easily proven for general g [SI]- Furthermore, it is well-known that massless 
N-point superstring g-loop amplitudes vanish for iV < 4. This is equivalent 
to perturbative finiteness of the theory, when unphysical divergences are not 
present in the interior of moduli space jl48| . This was proven in jl49| by an 
argument that made use of both GS and RNS formalisms. In the pure spinor 
formalism this can also be proven by counting zero- modes |31| . 

3.1.5 What we can (cannot) do with this formahsm, up 



In this section I would like to summarize the results obtained with the pure 
spinor formalism for the superstring. 

First of all, I should say that in jl41l I142| it was proven that the pure spinor 
BRST cohomology reproduces the correct superstring spectrum. Therefore, 
the pure spinor formalism describes the same physics as the RNS and the GS 
formalisms. In the following I will describe how the pure spinor superstring 
proved to be superior to analyze many aspects of string theory. 

As discussed in the previous sections, the main motivation to introduce a 
superPoincare covariant formulation for the superstring is the number of difficul- 
ties one encounters when trying to compute a general superstring amplitude in 




P=3ff-2 R=l 1=1 T=l 



(3.58) 



to now 
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the RNS and GS formalisms. As we have seen in the previous section, the pure 
spinor formahsm for the superstring in principle allows to compute arbitrary 
A^-point multiloop amplitudes (even though, in practice, only tree-level |15()) 
and four-point one-loop amplitudes (that can be computed also in RNS or 
GS formalisms) have been explicitly evaluated up to now). Furthermore, we 
have already stressed that a big advantage of the pure spinor formulation is the 
possibility to prove vanishing theorems at arbitrary order in the perturbative 
expansion. 

When I wrote my paper in collaboration with P. A. Grassi, the prescrip- 
tion for computing a general multiloop amplitude was not known. However it 
was already clear that the computation of the amplitudes in the pure spinor 
formalism is rather involved, even in the tree-level case. One of the biggest 
problems is the complexity of the expression for unintegrated and integrated 
vertex operators, due to the manifest symmetries that render the formulation 
redundant. As we have seen in section 3.1.3, vertices are written in terms of 
superfields satisfying a set of linearized equations of motion, where the physical 
fields, such as the graviton, dilaton, R-R field strength and so on, do not appear 
explicitly. To write down the component expansion of the vertex, one has to 
solve the equations of motion, after having chosen a specific gauge. This proce- 
dure is quite complicated and determining the vertex for a given physical field 
is not an easy task. In P. A. Grassi and I described an iterative procedure 
to compute type II vertices that eliminates auxiliary fields from the vertices and 
allows to determine the whole 9 and vertex expansion given the physical fields. 

Another serious problem of RNS formalism is the difficulty in dealing with 
general R-R background. We have seen that vertices for closed superstring 
can be written and that the equations of motion and gauge trasformations for 
the superfields appearing in the vertices are the linearized supergravity equa- 
tions and gauge transformations. Moreover, the pure spinor superstring can 
be naturally coupled to a general supergravity background. It has been shown 
in jl51| that nilpotency and holomorphicity of the pure spinor BRST charge 
imply the on-shell superspace constraints of the supergravity background. As- 
pects of the superstring in specific R-R backgrounds, such as AdS^ x and 
the pp-wave were considered in [941 11521 1153| . Furthermore, as we have seen 
in section 1.2.4, non(anti)commutative superspaces were shown to emerge when 
open superstrings in the presence of D-branes and R-R backgrounds are con- 
sidered. The natural setting for this discussion was the ten-dimensional pure 
spinor superstring [5^1 and its compactification on a CY three- fold |27l |2H| ■ 

In the open string case, requiring BRST invariance also implies the correct 
equations of motion for the background fields. Indeed, in |154) it was shown 
that classical BRST invariance of the open pure spinor superstring implies the 
supersymmetric Born-Infeld equations, that were first determined by making 
use of superembedding techniques |155j in |15f)j (for the application of the 
superembedding formalism to determine higher-order corrections to the effective 
dynamics of string/M theory branes, see also )157p . K-symmetry in the GS 
string and superembedding formalism is replaced by BRST symmetry in the 
pure spinor formalism. To obtain the supersymmetric Born-Infeld equations from 
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the pure spinor formalism for the superstring, one requires that the left and right 
pure spinor BRST currents are equal on the worldsheet boundary in the presence 
of the background. 

I would also like to say that the pure spinor formalism has been successfully 
used to quantize the d = 10 superparticle |158. . Moreover, by replacing ten- 
dimensional pure spinors with eleven-dimensional pure spinors, the formalism 
has been extended to the d = 11 superparticle and supermembrane ■ The 
covariant prescription to compute loop amplitudes in the covariant formalism 
for the superstring I briefly discussed in section 3.1.4 has been generalized to 
the eleven-dimensional superparticle in |15(J| . 

The supermembrane is a quite problematic object in string theory, since 
the impossibility of performing a covariant quantization has made it difficult to 
study its properties. However, the supermembrane is worth studying, since it is 
expected to be related to M-theory, which is the underlying eleven dimensional 
theory from which the nonpertubative symmetries of string theory are believed 
to come. In |159j Berkovits "replaced" K-symmetry with BRST symmetry as 
he did for the superstring. However, not all the problems of the supermem- 
brane are solved by moving on to a pure spinor description, since the pure 
spinor supermembrane action is not quadratic in a flat background. In |159| a 
conjecture is made that supermembrane amplitudes can however be computed 
and that they are M-theory scattering amplitudes which, after a suitable com- 
pactification that reduces to ten dimensions, reproduce Type HA superstring 
scattering amplitudes. These amplitudes would contain non-perturbative in- 
formation about the Type IIA superstring which might be useful for studying 
M-theory. 

Finally, in my paper |22j, P. A. Grassi and I discussed an application of 
pure spinor techniques to the construction of off-shell vertex operators in the 
asymmetric picture, that could be useful to study the coupling of R-R potentials 
to D-branes. We also proposed an application to closed string fleld theory, by 
studying antifields in this formalism and constructing a kinetic term for the 
closed string fleld theory action that seems to respect the correct symmetries 
and generate the right equations. 

To conclude, I would like to stress that, even if the construction of the pure 
spinor formalism might seem "ad hoc" and not justified by an underlying general 
principle, it is the first successful covariant method to quantize the superstring. 
It has already proven to be useful to deal with many aspect of string theory 
that were unreachable by the other formalisms. It might be that in the end 
a more natural and elegant construction of the covariant superstring will be 
found. However, it is now very clear that the pure spinor approach at least goes 
in the right direction and is very effective and useful in string theory. 
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3.2 An iterative procedure to compute the ver- 
tex operators 

In this section, I will present the general procedure to compute pure spinor 
closed string vertex operators I introduced in ^T3, in collaboration with P. A. 
Grassi. 

3.2.1 Warm up: The open superstring case 

Motivated by the increasing interest in the covariant techniques for computation 
of the amplitudes in string theory, in J12_ P.A. Grassi and I provided a calcula- 
tion scheme for superstring vertex operators in pure spinor approach [31)1 114U| . 
Since the amount of symmetries that are manifest in the covariant formulation 
increases, also the number of auxiliary fields increases and a useful technique to 
compute the basic ingredients is needed. In we provided such a procedure 
and some applications (that will be discussed in section 3.3). First of all I will 
briefly review the open superstring case, to explain the main idea that will be 
applied in the next sections to the more complicated closed string case. 

In the case of the open superstring, we have seen in section 3.1.2 that the 
massless sector is described by a vertex operator V^^^ = A^A^ at ghost number 
one, where A" is a pure spinor satisfying H3.8(l and 6) is the spinorial com- 

ponent of the superconnection. The superfield Aa can be completely expressed 
in terms of the gauge field am{x) and the gluino ip°'{x), for example as 

A^{x,0) = ^(7"0)cam(a;) + ^h"'e)^{jrn0hi^''{x) + 0(6^). (3.59) 

The vertex operator V*-^-* belongs to the cohomology of the BRST charge Q = 
J daX^daa, where d„a is defined in section 3.1.2, if and only if the components 
of Aa satisfy the linear Maxwell and Dirac equations 

9"(9„a„ - 9„a„) = , 7"/35„V^'' = . (3.60) 

The contributions 0{6^) are given in terms of the derivatives of am and ip and 
are completely fixed by the equations of motion H3.21|l given in |161| . where Am 
is the vectorial part of the superconnection and — da + \{l™'d)adm is the 
superderivative. The lowest components of Aa in (|3.59ll are eliminated by a 
gauge fixing condition. 

Even though the computation of all terms in the expansion of Aa seems 
a straightforward procedure, technically it is rather involved. However, there 
exists a powerful technique which simplifies the task. The main idea is to choose 
a suitable gauge fixing such as for instance 

e°'Aa{x,e) ^Q, (3.61) 

which reduces the independent components in the superfield Aa- This choice^ 
fixes part of the super-gauge transformation 5Aa = Da^, where 17 is a scalar 

^The following gauge condition has a counterpart in bosonic string theory: x"^Am,{x) = 0. 
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superfield with ghost number zero. To reach the gauge H3.61|l . we have to impose 
6°'{Aa + 5Aa) = 0, which implies that e^D^rj = ~e°'Aa. Expanding f7 as f7 = 
Sn>o ^[Qi...ct„]^"^ • • ■ J 3-11 components with ri > 1 are fixed except the lowest 
component fio, which corresponds to the usual bosonic gauge transformation of 
Maxwell theory. 

Acting with on H3.61|l and using the equations of motion H3.21|l , one gets 
the recursive relations 

(1 + DM„ = (7"^?)aA™ 
DA™ = M)^W^ 

DF™„ = -(7[„,0)^a„]W^'' (3.62) 

where D = 6" da. So, given the zero-order component of A^m we can compute 
the order-0 component of Aa ■ The same can be done for Am , the spinorial field 
strength W^" and the bosonic curvature Fmn = d^m^n] making use of the other 
three equations. This renders the task of computing all components of Aa in 
terms of initial data = Umix) + 0(9) and W^"(x) = ip^'ix) + 0{9) a 

purely algebraic problem ( |162| and |163) 1. Moreover, one is able to compute 
all components of the superfields appearing in the (descent) ghost-number-zero 
vertex operator V,^"'' 

V(") = d^e'^Aa + K'A„, + d^aW" + i iV™"F„„ , (3.63) 

which satisfies the descent equation [Q, V^^] = daV^^\ Here a is the boundary 
worldsheet coordinate and A^™" = ^Wa'y™^X is the pure spinor part of the 
Lorentz current. As we have seen in section 3.1.2, the operators 11^ and da-a 
are the supersymmetric line element and the fermionic constraint of the Green- 
Schwarz superstring respectively. 

In my paper |32| . we applied the same technique to IIA/IIB supergravity. 
Starting from the vertex operators for closed superstrings, we derived the com- 
plete set of equations from the BRST cohomology and we defined all curvatures 
and gauge transformations. Then, we imposed a set of gauge fixing conditions 
to remove the lowest components of the superfields and we derived an iterative 
procedure to compute all components. We showed that a further gauge fixing 
is needed to fix the reducible gauge symmetries and we showed that all chosen 
gauges can indeed be reached. 

The procedure for closed strings is original by itself, but, more importantly, 
our analysis leads to a generalization of H3.61|l to all vertex operators, associated 
to both massless and massive states. Indeed, in j32| we showed that the gauge 

This fixes tlie gauge invariance under 5Am = 9m'^(a;) and it coincides with the Lorentz gauge 
in momentum space dp^ Am = 0. The gauge fixing yields the equation {l+x'^dn)Am = x^^Fmn 
which can be solved directly by inverting (1 + x"dn) and obtaining Am = d^^y[{l + 
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fixing 13.61|l can be written in terms of a new nilpotent charge K, (with negative 
ghost number) as foUows 

{/C,V(^^} = 0. (3.64) 

This imitates the Siegel gauge in string field theory. When restricted to massless 
states, this generalized gauge fixing condition reduces to the gauge fixing (|3.61() 
for open superstrings and to the corresponding gauge fixing for closed strings. 
When applied to massive states, H3.64I) also leads to a suitable gauge fixing. In 
our paper, we explicitly derived the gauge conditions for the first massive state 
for the open superstring. Again, 1)3.64(1 fixes all auxiliary fields in terms of the 
physical on-shell data and eliminates the lowest components. 

I would like to stress that in [35] we only considered deformations (vertex 
operators) at first order in the coupling constant, neglecting the backreaction 
of background fields. 

3.2.2 Linearized IIA/IIB supergravity equations 

In the present section we derive the equations of motion for the massless back- 
ground fields in superspace from the BRST cohomology of the superstring. Let 
us start from the simplest equations (|3.38|) for the vertex V*^^'^-* whose general 
expression is 

^(1.1) ^ ^ (3.65) 

The superfield A^^(a;, 6', 9) satisfies the equations of motion |161j 

Imnopq^'a^Pf} — , Imnopq^^aA^p — , (3.66) 

where J^opq antisymmetrized product of five gamma matrices. The pure 

spinor conditions imply that only the 5-form parts of the DaA^^ and DaA^^ are 
indeed constrained ^0, 135, 164 . By using Bianchi identities, one can show that 
they yield the type IIA/IIB supergravity equations of motion at the linearized 
level. All auxiliary fields present in the superfield A^^ are fixed by eqs. (|3.66() . 

As outlined before, one can use different types of vertices to simplify the 
computations. Integrated vertices are written in terms of a huge number of 
different superfields, whose components are completely fixed by the equations 
of motion. As a result, these vertices are quite complicated espressions. 

The set of superfields needed to compute V^°'°\ . . . , V^^'^^ can be grouped 
into the following matrix 



(3.67) 



The first components of Amp, E^J^ , E^^ and P"'^ are identified with the super- 
gravity fields as follows 

Amp = grnp + Kip + Vrnp'P + 0{9, 9) , (3.68) 



ap 


A 

-^ap 


E P 




A a 

mp 


A 

^nip 


E ^ 






E% 




pq 


P-mn,$ 




c ^ 

mn 


Stnn,pq 



122 



Ej =i^J + 0{ej), = + (3.69) 

^ fo'^ + O{0,§). (3.70) 

The fields &,„„, 0, V'™'^ and /"'^ are the graviton, the NS-NS two-form, 
the dilaton, the two gravitinos (the gamma-traceless part of ip"p, 4'^.^), the 

two dilatinos (the gamma-trace part of V'"p) i^m^) a-i^d the RR field strengths. 
IIA and IIB differ in the chirality of the two spinorial indices a and d. This 
changes the type of RR fields present in the spectrum. The first components 
of the superfields flm,pq {^mn,p), G^^^ {C'^pq) a-nd Smn,pq are identified with 
the linearized gravitational connection r*^, the curvature of the gravitinos and 
the linearized Riemann tensor, respectively. The remaining superfields are the 
spinorial partners of the above superfields. Those constraints are given in terms 
of the spinorial components A^p, ^ and ila,pq- The structure of super- 
space formulation of type IIA and IIB supergravity in the present framework is 
also discussed in |151) . 

Given the vectors and Xj (see (|3.42f) ') we can explicitly write the vertex 
operator °' = X^AXj as 

vi°/^ = d,e" A^^ d,P + a^^ nf + n;- d-Jf" + n™ 

+ d.a E'^^ d-J^ + E^p til + dz0" E^ 4^ + nr eJ 4^ 

+ i 4„ ivr + i 5„,„^p, ivr (3.71) 

From equations H3.38|l , (|3.39() , (|3.41() and H3.43|l in the previous section we derive 
the complete set of equations for the background fields 



(i 


1 i\ 

21 2) 


Dc 


,Af,^ + DftAc^ - I'^pA^A, = 






-1- b^Afie, - if^Af)^ = 





(1 


1.1) 


Dc 






,Aiip 


- dpA,3& - -Yp&^Ei^ ^ = 





(h 




Dc 


,Ai3j, + DpAa,p - 7",3^mp = 


Dc 




+ b^:jA^c,+-yl^^A^p = 


= 


{h 


1 3\ 
2^2) 


Dc 


i(7'"")„^n„„,, =0 


Dc 








ik 


1 3\ 
2^2/ 


Dc 


,Ef^'' + DfiEc''' --/"'c.fiEj' =0 


Dc 


,E^. 

1 


+ b,E^^~-y'-^^E^p 


= 


{h 


, 1, 1) 


Dc 


>A„p - a„A„p - ■y^c-yE-' p = 


be 




+ dpA^c,+lp^^Ej 


= 


(h 


S- 1) 


Dc 


.E%-ih"^")c^^^^.P = 


be 


^eJ 






ih 


2 • '-I 


Dc 


,E,J - d,nEj^ - 7,„c-,P""' = 


be 




-apE\^jpc,.,pf''' = 





[h 


2 > -^l 


Dc 


K^^,pg + Dj^Q^a^pq — 7'"^^n,„ pq — 


be 




^ + £i^n™„,s + 7^^n. 


nll,p 


(k 


3 3\ 
2 ' 2 / 


Dc 


.-P"^ - i(7"")»''C„„^ = 


be 




-3(7'")^^C''p, = 




(h 


, 1, 2) 




be 




p + dpnmn,& + IpS^jjC 


/3 


(1 


2 > -^l 


Dc 


.C^p,3(7'"")„''S„„,p, = 


be 




^ + 3(7'")a'^S™„p, = 






(3.72) 



123 



where the labels (a, b, c) denote the scaling dimensions of the generators of the 
extended super-Poincare algebra jWi llHSj which the equations belong to. 

Moreover, one obtains the following eight equations, which do not provide 
further information, since they are implied by 13.72|) and pure spinor conditions 

7V™"AT7^^17„„^3 = A^^^l]„,,„„iV'"" = 

N^^-^X^D^ilran^p = X"'D^n^,pqNP'' = 

N""^X^D^C^^ ^ ^0 X^D^C^^N""" = 

N"'''X''D^Smn.pgNP'' = A^™" A^-D^5™„^p,iVP« = (3.73) 

Since we assumed that the superfields rim„^p, J7m,pgj Cmn '^"pg ^n.'i Smn,pq 
correspond to the linearized curvatures of the connections, we can derive new 
equations needed for the iterative procedure outlined in the introduction. By 
contracting equations H3.72|l with respect to the bosonic derivative and antisym- 
metrizing the bosonic indices, one obtains 

^aCj^j^ — d[jnln]ofyP"''^ ^ ji^'^ pq ~ '^IP^q]^^^"^ 

DaSmn,pq d^m1n\a'i^"^ pq ^Smn.pq ^[p'^q]f3-y^mn'^ (3.74) 

(we define a[m5„] = ambn ~ a-nbra)- The identification of the superfields p, 

f^m.pq, dmn^: pq ^^'^ Smn,pq with the linearized curvatures is automatically 
derived in the formalism |140) . and equations ()3.74fl are the usual Bianchi iden- 
tities. 

In order to show that the above equations imply the supergravity equations 
of motion we proceed as follows. We first consider the third line of (|3.74() and 
the (i, |, |) line of (|3.72() . that we recall for the reader convenience 

(3.75) 

Acting with ^™^dm on P'^^ and using the commutation relations of the Z?'s, one 
gets 

^ZdrnP"'^ = [Do^D, + DMP"^ = \{Ync.^D,C„J, 

= -\{ma^lraa^dr.P''^ = \lZd^P^^' (3.76) 

Here we also used the first equation of l|3.75|l and DaP"^ — (which follows from 
(|3.75|l ). In the second line we used the first equation in the second line on (|3.75(l 
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and the identity {Y"'^lm)ai3 = ~^lap- performing the same manipulations 
on the hatted quantities we derive the equations 

iZdraP''^ = , 7"*5„P"* = . (3.77) 

Decomposing P"'' in terms of Dirac matrices, it is straightforward to show that 
(|3.77|l implies the equations of motion for the RR fields. 

Acting again with j!^''Da on (|3.77l) and using equations (|3.75() one gets 

= ^ri^pd^D^pP^ = hnin^irX^mCp, - , (3.78) 

and analogously for C"p^. These equations are the Maxwell equations for the 
curvature of the gravitinos. They are not enough to describe the dynamic of 
gravitinos and we have to invoke new equations coming from the second line of 
(jX7^ and the (i, |, 1) line of (jr7I|l . 

Applying ^^„dm on E'^^ and with 7?^9p on i?^, the same algebraic manip- 
ulations yield 

^™a„,i?; = 0, ^l^d,E,^=0. (3.79) 

which are the Dirac equations for the gravitinos. These equations are gauge 
invariant under the gauge transformations discussed in the next section since 
the gauge parameters have to satisfy a field equation. In addition, as above, we 
find the equations 

d'^n^n^p = , dP^rn^pq = , (3.80) 

which are, at the lowest component of the superfield Vlmn,p and 0.m,pq, the 
equations of motion of the graviton, the dilaton and the NS-NS form 

d"^{d[m9n]p + Cl[Tnbn]p + '<lp[ndm]4') = , 

dP{c>[pg\ni\q\ + d[pb\m\q\ + Vnm[qdp](l)) = . (3.81) 

Pursuing this line of reasoning, one can derive similar equations for ^, 
E^ ^, ilmn.-y and f^"pg, which guarantee that the fields are either pure gauge or 
auxiliary fields. Finally, by studying the last line of (|3.74|) and the line (i, |, 2) 

of (|3.72|) . one derives new equations for ^^^C^^^ and Smn,pq, which do not 
give further information since they are implied by the previous ones. 

3.2.3 Gauge transformations and gauge fixing 

In order to solve the equations of motion H3.72|l and H3.74(l it is convenient to 
choose a suitable gauge. Indeed, for supersymmetric theories, the large amount 
of auxiliary fields can be reduced by choosing the Wess-Zumino gauge. We 
first discuss the general structure of the gauge transformations (|3.45|) . we then 
provide a gauge fixing and we finally check that this gauge can be reached. In the 
present framework, the gauge parameters A'^'^'^\ A^^'^\ ri^'^^ and rj^'"' satisfy 
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equations H3.47|l and (|3.48() and they are defined up to the gauge transformation 
(Emi). This additional gauge invariance is fixed by a further gauge fixing. 

The general structure of the gauge parameters A'^*''^\ A'^^'°\ ri"''^'' and Tg^'"' 
is given by 

A{i^o) = A"e„ A(°'1) = e^^A" , (3.82) 

and 

= S^ja^-r + EpIIf + <l"4a + l^pqNl'^ ■ (3.83) 

where Qa, ■ ■ ■ , '^mn are superfields in the variables x™, 0", and 0". In terms of 
these superfields, eq. (|3.47(l gives 

while eq. (|3.48|) gives 

+ S„ = 
Dc,e0 - DpEa + 7"/5S„ = 

Da'S,m + dmQa " Imafi^'^ = 
iV^'A^D^*^^ = 



(^mnpgr)a/3^ 0^ = , (3.84) 



- = 

Datp + dpe& + = 

X^'D^^pgNP" = . (3.85) 



These equations look like the superspace field equations for superMaxwell theory 
(j3.21|l . however the superfields 9q, Sm, and ^'mn and the corresponding 
hatted quantities depend on x™, and Therefore, the eqs. H3.85|l are not 
sufficient to determine completely the components of those superfields. The free 
independent components are indeed the gauge parameters. We also note that 
the last pair of equations is trivial when the previous equations and the pure 
spinor conditions are imposed. Finally, because of the similarity with SYM case, 
it is quite natural to impose the condition that 5'„in and ^'pq are the linearized 
curvatures of and Sp. Again, this assumption is automatic in '14(J'. The 
gauge transformations of the superfields in V^^''^'' are given by 
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fi 1 

V2' 2 
(il 
(1,1 
V2' 2 

(i>i 

(1,2 

('3 3 
V2' 2 

(2,2 



^^a,pq ' " pq 
S^m,pq — pq 

SP"^ = 

sc%, = 



' Da^p 



SA 



5eJ ^D^¥ 

seJ = dm^^ 



'mn,p — dp^ rnn 



ss, 



' 17171, pq 



= 0. 



(3.86) 



From these equations, we easily see that the superfields P"^ , C^p^, C„„ and 
Smn,pq are indeed gauge invariant, as expected, being hnearized field strengths. 
At zero order in 9 and 9 eq. H3.86|l gives the gauge transformations of super- 
gravity fields. For example, the first components of ilp — C,p + + 0{9, 9) and 
= Cm — 6" + 0{9, 9) are to be identified with the parameters of diffeomor- 
phisms 6gmp = dm£.p + 9p^m and with the gauge transformations of the NS-NS 
form 5bmp — dmCp ~ dpC,m- So, the zero-order terms of the gauge parameter 
superfields Oq,, S™, and of the corresponding hatted quantities are 



= ^°'+0{9,9); 



Qp^O{9,9) 
tp = Cp+ip+0{9, 
= + 0{9, 9) 



(3.87) 

Furthermore, the large amount of gauge parameters allows us to choose the 
gauge 



"A A = 

Q.(3 









"A„p = 









"eJ = Q 


E""^ 9^ = 









n f,9^ 

mn,p 


= 0. 


(3 



Indeed, we have at our disposal the parameters Oa, S„i, <i>" and "^mn and the 
corresponding hatted quantities to impose the gauge (|3.88() . Before showing 
that the gauge can be reached we have to notice that the transformations H3.86|l 
and the equations H3.84|l are invariant under the residual gauge transformations 



(5$" = S^f^ 
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S^mn = = , (3.89) 

depending on the scalar superfield T'^°'"' = y (o,o) = This requires an addi- 
tional gauge fixing 

+ ^^^S^ = . (3.90) 

To show that the gauge choice H3.88|l can be reached by the gauge transfor- 
mations (|3.86(l . we have to solve, for instance, the equations 

r(A„^-)-M„3) = 0, iA^0 + SA^0)d^ ^0, (3.91) 

and analogously for all other gauge conditions 1)3.88(1 . By using the properties 
of the superderivative, gauge fixing H3.9U|I . consistency conditions H3.85|l . and 
by defining the operators 



D = rL>a = 6i"— , i) = e^i)^ = e^^ , (3.92) 



we get the following recursive equations 

(1 + D + D)e„ = -A^^e^ - (7'"e)„s„ (i + d + D)e^ = -e"A^^ - (7" e)^Sp 

(D + D)S„ = A^^ei^ + (7™9)/3-I"3 (D + D)Sj, = -e^'A^p - (7^6)^4-^ 

(D + 6)$° = E°'.el^ - i(7""6»)"*„„ (D + D)l>'3 = -e°'Ej + i(7P90)/34pg 

(D + D)*„„ = n^^ J^ - (7[™e)79„]<f^ (D + D)>i'p, = -e^n^^pq + (ly^e)^d^^^'' 

(3.93) 

The operator (D + D) acts on homogeneous polynomials in 0" and 9°' by mul- 
tiplication by the degree of homogeneity and it does not change its degree. 
Therefore, the relations (|3.93|) are recursive in powers of 9 and 9. They can 
be solved algebraically given A^^^ . . . , ^a,pq order by order in 9 and 6 and this 
proves that the gauge can indeed be imposed. Of course, to reconstruct the 
gauge-parameter superfields by means of the recursive equations H3.93|l . we also 
need lowest order data for them. These are the zero order supergravity gauge 
parameters (|3.87f) . To obtain the last couple of equations we used the additional 
condition that ^'mn and ^'pq are the linearized curvatures of and Sp. 



3.2.4 Recursive equations and explicit solution (up to or- 
der e'^e'^) 

The next step is the derivation of the recursion equations for supergravity su- 
perfields. Acting with Da and on the gauge fixing conditions H3.88|l . and 
using the definition ((3.92(1 , it is straightforward to derive the recursion relations 
from eq. ((ITT^ 
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(1 + DM.^ = (7"^M„^ 



DA, 



DO 



/3 

mn,0 



mn,[5 
7 



P9 



Df^n 



(3.94) 



(1 + D)A„p = (7™0)aA™p 



- 4 



Tin 



7nn,p 



-{l[mO)'idn]E^ ^ 



'7nn,p 



) E P 



{i + t>)eJ = {y^ 



(l + mn/3 = -(7''' 

DA^p = -{^^e)^Ej 
BE J = li^pwfn^^p.^ 



{l + T))E-^^i^Pe)^E% 
t)E% = (7p^)7^"^ 

DC"„, 



(3.95) 



-(7[p^)^a,]P"^ 



(3.96) 



Dn„,p, = hraO)(}C%^ Dr!„„,p = -(7p0~)^C^„ /5 



DC" 
D5„ 



1 f^,mnn\a o 



-{l[m,(^)-tdn]C^ pq, D5„ 



(7[p6')^9q]C„„'' 



(3.97) 



A given superfield appears in two groups of equations in order that both its 9 
and 9 components are fixed. Inside each group there is an iterative structure 
(see |ltj2| and [1631 1 which allows us to solve those equations recursively given 
the initial conditions and there is a hierarchical structure among the different 
groups of equations which allows us to solve them subsequently. To provide the 
initial data, we identify the lowest-components of the matrix superfield A in 
H3.67|l with supergravity fields 



A = 





+ Vmpft) i'm ^m,pq 



rp 



r 



Q/3 



pq 
^mn,pq 



0{9,9)., 



(3.98) 



where the linearized gravitational connection and curvatures are given by 



f3 _ 



^q^rap) ijlmq^p ^rap^q) 
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'^mn.pq — {dm^n.pq ^n^m.pq) 5 (3.99) 

and, analogously, for uJmn,p and c"p^. 

In the following we give the component-expansion for the physical superfields 
A,np, Ej^^ , E"p and P"^ , up to second order in both 6 and 9. The corresponding 
curvatures can be easily computed from the defining equations 



A^p - (.g + 6 + v^Up + h.nO)p^^p - hp0)^ijj + {im0)php9)^f^ 



+ ^hrnO)f,ir''OfM4j'''§rs„r.qs + ■■■ (3.100) 

-j^iiMr'-dnr'ofM^d.c^,'^ + ... (3.101) 

E% = rp - \{i"'''or^mn,p + iipOhn + ^(7""0)"(7p^)^c_'^ 

+ ^(7™"^^)"(7™^)7(7p^)3(7'"-e")^a„c\, + ... (3.102) 

p"^ = - J(7'""^)"c_/ - J(7^'^yc%, - l(^-"0)"(T-f'^0ys™„,p, 

+ ^(7""^)"(7™^)7(7^'^)'^a„c%, - ^(7™"^)"(7^'^)^(7p^)73,c„J 

+^{i""WMUjPwfM^dndj^ + ... (3.103) 

In the following we list the solution up to second order in both 9" and 9" for 
the auxiliary superfields A^^, A^p, A^^, ^ and -E"^. 

A^p - -~\{l"'eUY9)^,{g + h + r^^Up 

+ \{l'^0Ulra9UY9)^i:\ + \{l"'9UY0)^{lp9)^4'J 
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-^(7"^)a(7m^)7(7p^)3(7"-^yc\, + . . . (3.104) 



+ ^hrn9Ur'-ey{Y0)f,U;nr,p + ^(^9) ^^{^^9^ 

'~^hMr^0nY9)^M^c^^^ + ... (3.105) 



^ = lo-f^Tc^^pJ + i(7™^)a(7''^^)'^^™,p, + lil"'OUTmO),r^ 

-^ii"'0UiMY^'^9rc\^ + lh"'9UY''9fM^d,^J 

+ ^{Y''OUM),{Y'Of{^pOhdJ''^ + ... (3.106) 



^^"^ = 1^^^'^^% + ^(7'""^)"(7^^);3^™«,p + ^(7^^)^(7p^)7/"^ 



1 



{i"'''oniMre)^d„rp - Y^ii""Wh''d)0hpdhc. 



1 
mn 



+ ^{l"''W{l^0UY0)f,{lp9hd^r + ■■■ (3.107) 

It is easy to verify that this expansion satisfies the gauge conditions H3.88|l 
and that all auxiliary fields have been eliminated and reexpressed in terms of 
derivatives of physical supergravity fields. 

The next step is to insert the expansion H3.101|) into the definition of the 
vertex operator (|3.71(l and recombine the worldsheet one-forms and in 
order to get a more manageable expression. However, it makes sense to provide 
such expression for an interesting example in section 3.3. 

We have to notice that the vertex operator V*-^'^-* contains only the superfield 
A^p which encodes all the needed information regarding the supergravity fields, 

which however appear at higher orders in 0's and 0's. This is sufficient for 
amplitudes computations, even though the measure factor on zero modes in the 
correlation functions has to soak up plenty of ^'s and ^'s f (30. .143. .166) 1. 

3.2.5 Gauge fixing for massive states 

In the previous sections, we explored the gauge fixing for the massless sector of 
open and closed string theory. However, the spectrum of string theory contains 
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infinitely many massive states defined, in the closed string case, by the equations 



'i,V^i^i)] -0, [QRMn'^^]^0, [Lo,L+io,i?-n,V,(i'i)] =0, (3.108) 

where Lo,l = § dz z T^z and Lq,/?. = § dz z T^z- The index n denotes the 
mass of the state. Even if these equations can be solved by expanding the 
vertex operators V,!^'^' in terms of the building-blocks 96*", 9^", n™, H™,..., it 
is convenient to fix a gauge as in the massless case and then solve the equations 
by an iterative construction as shown in the previous section. However, since we 
cannot explore the complete set of vertices and provide a gauge fixing for each 
of them, we propose a definition of gauge fixing based on new anticommuting 
and nilpotent charges to be imposed on the physical states. This resembles 
the Siegel gauge (where the corresponding charges are 6l,o = ^dzzh^z and 
&L,o = / dzzbzz where 622 and bzz are the left- and right-moving antighosts) 
used in string field theory to eliminate all auxiliary fields and to define the 
propagator for the string field. 

We introduce the following charges "dual" to the BRST operators 

Kl^ <j> dzO'^Wa, Kr,^ <j> dzOf^Wp. (3.109) 

They are nilpotent and anti-commute. They are not supersymmetry invariant 
as can be directly seen by the presence of 6*" and 9^ . This in fact implies that 
we are choosing a non symmetric gauge which can be viewed as a generalization 
of the Wess-Zumino gauge condition in 10 dimensions. It eliminates the lowest 
non physical component of the superfields and it fixes the auxiliary fields - 
appearing at higher order in the superspace expansion - in terms of the physical 
fields and their derivatives. In addition, /C^/^ are not invariant under the gauge 
transformations (|3.26l) , but their gauge variations are BRST invariant because 
of the pure spinor conditions 

{QL,Ai/CL} = 0, {Qr,Ar}Cr} = {), (3.110) 

Moreover, JCl/h have the following commutation relations with the BRST op- 
erators 

{Ql,JCl} = V + Jl, {Qr,JCl} = 0, 

{QrXr} = V + Jr, {Ql,1Cr}^Q, (3.111) 

where 



V = jdz: e°'da : , Jl= jdz: \"wa ■ 

V = (f dz : e^d& : , Jr ^ (f dz : X^w& : (3.112) 



Acting on superfields F{x, 6, 9), we have that {V, F} = BF and {V, F} = BF. 
The ordering of fields in the operators V, V, Jl and Jr is needed to define the 
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corresponding currents. The operators are gauge invariant under (|3.26ll because 
of H3.110() . The main difference with respect to Siegel gauge fixing in string field 
theory is that in that case bzz and ba are holomorphic and antiholomorphic 
anticommuting currents of spin 2. 

In the case of the open superstring, denoting by Q and by K, the BRST 
and gauge fixing operators, the gauge condition on the massless vertex operator 
V(i) = A"A„ is given by 

{/C,V(i)}= <l^dw(e°'wo}){w)(^X''Aa{x,e)yz)^9°'Aa=0. (3.113) 

We notice that the field 9" in JC is harmless for massless vertices, but it will 
give a nontrivial contribution in the massive case. In the latter case one has to 
add a compensating non-gauge invariant contribution on the r.h.s. of l|3.113|l in 
order to compensate the fact that JC is not gauge invariant under 1)3.26(1 . 

Applying Q on the left hand side of (|3.113|l applying K, on the equation 

using the commutation relations (|3. 111(1 . 

we obtain 

(D + l)v(i) = A7™M™ . (3.114) 

Eliminating the ghost A" , we end up with equation ((3.62(1 for the superfields 
and Am- This procedure can be clearly generalized to massive states. First, we 
discuss the closed string case, then we show an example for the first massive state 
for open superstrings and, finally, we show that the zero momentum cohomology 
satisfies the same equations generalized to zero modes. 

For closed strings, we reproduce the gauge fixing ((3.88(1 by the following 
conditions 

{/Cl,v(i^i)} = 0, {/Cfl,v(i'i)} = (3.115) 

and, for the gauge parameters A'^^'°-' and A'-"'^^ in eq. ((3.82(1 . by the gauge 
condition 

{/CL,A(i'")} + {/Cfl,,A("'i)} = 0. (3.116) 

which coincides with 1(3.90(1 . Applying the BRST charge on the left hand sides of 
l(3.115() . acting with K-l and K-u on equations 1(3.38(1 . and finally using the com- 
mutation relations 1(3.111(1 . we derive the conditions for the iterative equations 
given in the previous section. 

Let us show that the gauge fixing 1(3.113(1 also fixes the gauge transformations 
in a suitable way for the first massive state of the open superstring v[^\ leading 
to a recursive procedure to compute the vertex operator in term of the initial 
data, a multiplet of on-shell fields containing a massive spin 2 field 4 . 

A general decomposition of v}^' in terms of fundamental building-blocks is 
given in ((3.18(1 and its gauge transformation is generated by 



Jvj'' = ^Q,17rj , (3.117) 
with 

n["^ = de^np+ -. n"rj„ : + : dpni^ -. + a^™" : nmn+ -. w^x^ n . (3.1 is) 



l(0) 
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The decompositions are based on the requirement that the vertex operator 
should be invariant under the gauge transformation A given in A further 

gauge transformation of flf "^ would be a variation of a negative ghost number 
field. The only one is the antighost Wa, but there is no gauge invariant operator 
only with without A". Notice that we have to add a (BRST- invariant) com- 
pensating term of the form u'7'""'"'A in order to reabsorb the non-invariance of 

JC. 

Imposing 113(1 . we get 

Ao, + e^Bp^ = , = , e'^c/ = , 

i(7""0)'5F^„„-C"„ + 2rs„ =0. (3.119) 

This gauge fixing can be reached by adjusting the parameters fia, 17", ilm„ 
and Vl. Using equations ((3.119(1 and applying the operator D, we obtain the 
iterative relations to compute the vertex. The gauge fixing ((3.119(1 fixes only 
the supergauge part of the gauge transformation. This gauge does not fix the 
physical gauge transformation of the massive spin 2 system (167( . 

Finally, we show that the measure for zero modes satisfies the gauge fix- 
ing proposed above. In fact, by restricting the attention to zero momentum 
cohomology, we supersede K. with the differential 

^0 = ^0"^ (3.120) 

which acting on V(3) = (Ao7™eo)(Ao7"eo)(Ao7^eo)(^o7m«peo), yields 

/CoV(3)=0. (3.121) 

Similarly, for the closed superstring, the ghost number (3, 3) cohomology repre- 
sentative satisfies the corresponding gauge fixing. 

Even if the gauge fixing is not manifestly supersymmetric, the supersymme- 
try of the target space theory is still a symmetry. As usual, in the Wess-Zumino 
gauge, a supersymmetry transformation must be accompanied by a gauge trans- 
formation to bring the vertex to the original gauge. This means that 

(5e[/C, V] -I- [/C,(5V] = (3.122) 

where 5V = [Q,^^], S^V = [e°'Qo„V] and Qa — §dzqa (the supersymmetry 
generator is given in 1(3.30(1 '). As an example, we show that fig can be indeed 
found for the massless sector of the open superstring and the extension is similar 
for the other cases. Equation 1(3.122(1 reduces to 

e"Aa -F6'"e'^0^A„ -l-rDc^a = 0, (3.123) 

which yields 

Da = 0. (3.124) 

Again, this equation can be solved iteratively in powers of 0's and it follows that 
= VLq^x). ((3.124(1 can be checked explicitly on the solutions ((3.101(1 . 
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3.3 An example: Linearly x-dependent Ramond- 
Ramond field strength and possible Lie-al- 
gebraic superspace deformations 

In this section I will discuss in detail one application of the iterative procedure I 
presented in the previous section. The unintegrated and integrated vertices for 
a particular nonconstant R-R field-strength will be computed, that are expected 
to be related to a nonconstant deformation of ten-dimensional superspace. At 
the end of the section, other two applications will be briefly described. No 
details will be given for these two, since they are not related to noncommutative 
geometry, which is the main subject of this thesis. However, the interested 
reader can refer to my work |32| . where the three applications are discussed. 

3.3.1 Motivation: Nonconstant superspace deformations 

In section 1.2.4, we have seen how non(anti)commutative superspaces, first stud- 
ied in |52| and in my paper |26| , arise in the context of superstring theory, when 
open superstrings in the presence of R-R backgrounds and D-branes are consid- 
ered. Up to now, only supergeometries with constant fermion-fermion anticom- 
mutators have been derived, associated to a constant R-R background, for the 
superstring compactified on a CY three- fold |27[I28| and for the uncompactificd 
tcn-dimensional superstring |29| . In both cases the covariant formulation for 
the superstring has been used. 

In section 1.3 we have discussed how, in the bosonic case, nonconstant defor- 
mations of the coordinate algebra are related to the presence of a general curved 
NS-NS background. Therefore, it is natural to expect that more general, non- 
constant R-R backgrounds can lead to nonconstant superspace deformations. In 
particular, in |29j it was conjectured that from non-constant RR field strengths 
one can derive new equal-time commutation relations between coordinates x"* 
and 0" living on the boundaries such as 

{e'^,0^} = -f^^x"^, (3.125) 

generalizing the construction of Lie-algebraic non-commutative geometries to 
supermanifolds |33| (for a different example of a Lie-algebraic geometry in 
superspace see 

The vertex operator for non-constant R-R fields strengths is the basic ingre- 
dient of this kind of analysis. 

3.3.2 The ansatz for the RR field strength 

Applying the iterative method I introduced in the previous section, I will show 
how to compute the vertex for linearly x-dependent RR field strengths. This 
is the most simple a;-dependent background one can consider. Moreover, it is 
interesting since it is supposed to be related to the nonconstant deformation 

mm- 
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We will consider the following ansatz for the R-R field strength 

pa/3 ^ ^ C^^'^X™ (3.126) 

where C^"'' is constant. P"^ must satisfy equations (|3.77|l . which become 
7™^C^7 = 7^^^^" = for the specific ansatz Equations |T77|l can 

be rewritten in terms of forms by decomposing P"^ according to Dirac equa- 
tions. For example, for type IIB we have the 1-form P™, the 3- form P[mnp] 
and the 5-form -Fimnpgr] ■ Solving the Bianchi identities we get Pm = dm A, 
P[mnp] — d[mAnp]T-- and the field equations are d™Pm = d'^A = 0, d"^P[mnp] — 
9"^9[m^np]T-- These can be solved in terms of quadratic polynomials A{x) = 
(10a(„„) - a/?7m„)x'"x", A[^„] = {10 ai,nn],{rs) - o.[mn,t]Vrs)x'^x'',... where 
o-imn), o,[mn],irs)T-- are constant background fields. 

In the constant field strength case, our iterative procedure can be applied to 
compute the integrated and unintegrated vertex operators. One obtains 

Vif^^g.r^, (3.127) 

where Qa and are the supersymmetry currents given in (|3.3U|) . So it is easy 
to see that equation H3.43|l is verified with 

V^'^'^ ^Xc.r^X^, (3.128) 

which is clearly ERST invariant (see l|3.31|l and H3.32|l 'l. 

Since in the 9 and expansions of the physical and auxiliary superfields 
A^0,...,P°''^ (see eqs. (|3.1U1I and (|3.1U7|) ') the number of bosonic derivatives 

acting on physical zero-order components grows with growing order in 9 and 9, 
it is clear that the ansatz H3.126I) will correspond to only a few non-zero terms 
in the expansion. Actually, the highest-order contributions are 9'^9^ and 9^9"^ 
terms. Here we give the explicit expressions 

- ^(7"e)a(7™^)M7^^)M7p^^)7(/''^+C„^^^") 

+ Y^(7'"f?)a(7m^)7(7''^)4(7p^)7(7^'^^)^(7,^)^C, 

+ Y^(7"^?)a(7m^^)5(7"''^)'(7«^)7(7p^);§(7^^)7C."^ (3.129) 

Acp = lil"'0Ulm0)piip9hif''+C^^^xn 

+ ^{i'^0Uin^9),M^^{r'0)H7,9)^c, 

+ ^h"'eUim9)0(.r'-9njn9\i^pO)fr ''^ (3.130) 



A, 



- \{lm9)p{Y9).{^i9)^{f^^ +Cj^x^^) 



rnl3 " ^\lm^!li\l " J fj\ Ip" 
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36 

^(7™0),(7^^)^(7/)^(7'^^^)^(7.^)^C, -'^ 



(3.131) 



1 



60 
1 



(7™^)a(7™^)/3(7"''e)^(7n^)7C. '^'^ 



^ (7""^^)" (7^0)7 (7^^)4(7p^)7C„^^ 



(3.132) 



(3.133) 



= (7m^)/3(7p^)7(/^^+C„^^a:") 



12 

1 

12 



(7m^)7(7p^)^(7''^^)''(7re)7C, 
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(3.134) 



i?™^ = (7™^)7(r'^+c„A") 

+ ^(7^^)7(7"^^^ (7p^)7C, ''^ 

+ ^(7m^?)o(7"V)"(7„0)^C,'^'^ 



(3.135) 



= (7p^)7(r^+c™"^^'") 



1 



+ ^(7p^)4(7^'^^)^ (79^)7 



12 



(3.136) 



Q/3 



= (r'^+c^-'^x") 

+ i(7""^?)"(7™e)7C„"^ 
+ i(7^'eV(7p%C,"^. 



(3.137) 



3.3.3 The vertex for hnearly x-dependent RR field strength 

To obtain the vertices V*-^'^-* and V^^'"' for the linearly a;-dependent RR field 
strength we have to insert l|3.129|l and (|3.137|l back into IpTHK]! and ijSZZIl- 
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For the unintegrated vertex operator we find 




(3.138) 



while for the integrated vertex operator V. 



.(0,0) 



we obtain 



zz 



v: 



.(0,0) 



+ goC, "'^(7.^)« [-^(axp + l^^eYBm^pi^^e) - (3.139) 
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Unfortunately, the complicated structure of V),^' prevents from a simple 
analysis of superspace deformations as in |29| . In the future it would be nice 
to find a way to study superspace deformations deriving from nonconstant R-R 
backgrounds. The computation of this vertex is a first step, but it is clear that 
plenty of work is needed to understand how to use it to compute the way it 
deforms the supergeometry. 

3.4 Other applications 

3.4.1 Vertex operators with R-R gauge potentials 

In the presence of D-branes, one can ask which states couple to them and which 
vertex operators describe such interaction. As it was discussed in |168| in the 
framework of RNS formalism, one has to construct the vertex operators for R-R 
fields in the asymmetric picture. In addition, a propagating closed string (i.e. 
with non vanishing momentum) emitted from a disk or a D-brane, has to be 
off-shell. Therefore, one needs to break the BRST invariance by allowing a non 
vanishing commutator with Qla + Qb^q where Ql/r,o are the picture conserving 
parts of BRST charges in the RNS formalism. In particular in |169| the authors 
construct a solution of [Ql.i + Qr.IiW] — 0, where W is the vertex operator in 
the asymmetric picture. The off-shell vertex operators directly couple the R-R 
potentials to the worldvolume of the D-brane. 

In [32], we constructed analogous vertices for closed superstrings which do 
not satisfy the classical supergravity equations of motion, but modified super- 
field constraints. They allow for a description of the R-R gauge potentials, in 
contradistinction to the on-shell formalism case, where only the field strengths 
P"^ appear. First of all, there are some important differences. The two BRST 
charges Ql and Qji contain a single term and therefore the decomposition used 
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in |169| is not viable. In addition, there are no different pictures (in the usual 
sense) for a given vertex since there are no superghosts associated to local world- 
sheet supersymmetry. There is, however, the possibility of constructing two 
operators which resemble the picture lowering and raising operator j31| . as we 
briefly discussed in section 3.1.4, but the implications of this new idea in the 
present context have not been explored yet. 

Nevertheless we can construct an off-shell formalism by considering the fol- 
lowing combination of vertices with different ghost numbers: 

^(2) ^ -^(2,0) ^ -^(14) ^ -^(0,2) ^ (3^^40) 

where the notation V*-'^'^-' stands for vertex operators with the left ghost number 
a and with the right ghost number b. The ghost number of the l.h.s. is just the 
sum of the ghost numbers. By expanding this in terms of the pure spinor ghost 
and by applying the modified condition 

[Ql + Qb.,V2]=0 (3.141) 

instead of the usual two conditions for the left and right sectors, we showed that 
this leads to equations of motion that are deformations of the usual supergravity 
constraints. The way constraints are relaxed to go off-shell follows very closely 
the case of iV = 1 super- Yang-Mills presented in |170^ . By following a procedure 
analogous to the one described in section 3.2.4, a suitable gauge-fixing can be 
applied to eliminate auxiliary fields. The superfields can then be expanded 
in 9 and 9 and one finds that R-R gauge-potentials explicitly appear. The 
construction of vertices with R-R potentials in covariant formulation has been 
also discussed in There the authors considered only the constant case. 

3.4.2 Antifields and the kinetic terms for closed super- 
string field theory 

The linearized form of supergravity equations written in terms of the BRST 
charges of the pure spinor sigma model gives us the framework to analyze some 
aspects of closed string field theory action. As it is well-known, the action for 
closed string field theory has to take into account the presence of selfdual forms 
(for example the five form in type IIB supergravity) . This can be done either by 
breaking explicitly the Lorentz invariance, or by admitting an infinite number 
of fields in the action |171j . 

In [32] we showed that this action can be indeed constructed by mimicking 
the bosonic closed string field theory action discussed in '172' (and in references 
therein). 

To this purpose, we derived the set of antifields for the massless sector of 
closed string theory, we discussed the coupling of the fields to the antifields 
for a closed string field theory action and we finally proposed a kinetic term 
which leads to the correct equations of motion. We showed that we could easily 
account for new fields which nevertheless do not propagate and we checked that 
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the action had the correct symmetries leading to the complete BV action for 
type IIA/IIB supergravity. 

Since in |82j we only dealt with linearized supergravity equations, we did not 
discuss generahzations of Witten string field ik-product for the open superstring. 
Similarly, it was outside the scope of Ji2^ to construct a full-fledged closed string 
field theory. 
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Chapter 4 

Conclusions and outlook 



In this thesis I have presented my papers [201 EHl El E21 1 where I investigated 
aspects of noncommutative geometry and superstring theory. 

When I started my research activity, it was already known that field theories 
defined on a noncommutative space arise as a low energy description of D-brane 
dynamics in the presence of a constant NS-NS background. This had been 
proven for the bosonic string, the RNS superstring and the N = 2 string. More- 
over, it had been shown that extending this discussion to superstring theory 
in GS formalism, where spacetime fermions are present, the (anti)commutation 
relations involving the fermions are not modified by the constant NS-NS back- 
ground. These string theory results had already induced a growing interest in 
noncommutative field theory and many results had been obtained. For instance, 
it was already known that noncommutative field theories with time-space non- 
commutativity display awkward features, such as acausality and nonunitarity, 
and that these ill-defined theories cannot be obtained as a low energy limit 
of string theory. Moreover, the behavior of noncommutative field theory with 
respect to Poincare symmetry was well-known. Moyal noncommutative de- 
formation breaks Lorentz-invariance but preserves translation invariance. The 
generalization of the string results concerning D-branes in a constant NS-NS 
background had been generalized to nonconstant backgrounds afterwards, to 
show that a Kontsevich-like product replaces Moyal product in this case. The 
deformation is associative when the background is a closed two-form and nonas- 
sociative otherwise. All these results are reviewed in the first chapter of my 
thesis, so that my work can be put into context. 

In modern physics symmetries have such an importance that a theory is 
actually defined in terms of its symmetries and its field content. If a classical 
theory constructed out of the chosen fields does not contain all the interactions 
that are allowed by its symmetry structure, the missing terms will be generated 
at the quantum level when the theory is renormalized. 

A unifying aspect of my contributions to the field of noncommutative ge- 
ometry is the way symmetries can be implemented in noncommutative general- 
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izations of known ordinary theories. Since the noncommutative generahzation 
of a given theory is not unique, preserving its symmetries (or at least some of 
them) in its noncommutative generahzation is the first criterium one should take 
into account in the evaluation of the various possibilities, given the importance 
symmetries have in the physics of our world. 

In my paper 2B' , written in collaboration with D. Klemm and S. Penati, I 
have considered the very special symmetry, known as supersymmetry, relating 
bosonic and fermionic degrees of freedom in a theory. This symmetry has not 
been observed in nature yet, however there are hopes that it will make itself 
manifest at higher energies. For people who believe that the ultimate, funda- 
mental theory of reality is string theory, supersymmetry is expected to be one 
of the characteristics of nature at sufficiently high energy, since string theory 
requires it for consistency. 

Supersymmetric theories are better studied in a formalism known as super- 
space. Superspace is an extension of spacetime where bosonic coordinates are 
accompanied by fermionic ones. There supersymmetry is realized in the form 
of generalized translations. The geometry of superspace is not flat, since a 
nonvanishing torsion is present. 

In "26" we studied the way supersymmetric theories can be deformed by 
implementing a non(anti)commutative geometry, without supersymmetry to be 
lost. We first considered four-dimensional superspace with a Minkowski metric. 
We wrote down the most general algebra for bosonic and fermionic coordi- 
nates of superspace and then required covariance with respect to supertrasla- 
tions and associativity. We also required the reality properties of the spinors in 
(anti)commutative superspace to be still valid in the deformed superspace. This 
was the crucial difference with respect to the previous work . We found that 
nontrivial coordinate algebras are allowed that involve fermionic coordinates. 
We also noted that, for consistency with respect to supersymmetry, turning on 
the anticommutators between the fermions implies that also terms depending 
on the fermionic coordinates appear in the fermion-boson and boson-boson com- 
mutators. The "trivial" superspace deformation where only bosonic coordinates 
are rendered noncommutative with a constant commutator is found as a special 
case. However, in Minkowski signature deformations involving nonzero fermion- 
fermion anticommutators are ruled out because of spinor reality conditions to- 
gether with associativity requirements. Therefore, it is clear that more general 
deformations are allowed if spinor conjugation relations can be relaxed. In [2^1 
we noted that this is possible when moving to a four-dimensional superspace 
with Euclidean signature, that can only be defined when extended supersym- 
metry is present. By applying our procedure to Euclidean N = 2 superspace, 
we found that deformations with constant fermion-fermion anticommutators are 
allowed. 

In we also discussed how to construct a non(anti)commutative ★ product 
between superfields. Since our supergeometries involve coordinate-dependent 
terms in the coordinate algebra, a Moyal-like product is not associative, because 
of the superspace nontrivial torsion. However, we suggested that a Kontsevich- 
like product can be constructed, with the property of being associative if and 
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only if the supercoordinate algebra is also associative. We gave the formula for 
the product up to second order in the deformation parameter and argued that 
there was no objection of principle to extending Kontsevich procedure to all 
orders. This was done later in 55.. 

In |26 | we also noted that when superspace is rendered non(anti)commutative 
the supersymmetry algebra is deformed by terms quadratic in bosonic deriva- 
tives. These terms do not affect the coordinate algebra, but modify the su- 
persymmetry transformation of a general superfield. Finally, we made some 
speculations on how the deformed superspaces we found could emerge from 
string theory, formulated in a manifestly target-space supersymmetric way (i.e. 
in Green-Schwarz 4 or Berkovits formalisms |3U| ) . 

Indeed, it was found that deformed superspaces similar to the ones I stud- 
ied in |26j naturally arise when the open superstring in the manifestly supcr- 
Poincare covariant formalism introduced by Berkovits [211 is compactified on 
a CY three-fold in the presence of D-branes and a constant R-R background 
[271 . The nonanticommutative superspace found there is related to the one 
I studied in the N = 2 euclidean case by a change of variables and a reduction 
to = 1 by identification of the two fermionic coordinates on the boundary of 
the string worldsheet. Since in this superspace only one of the two Weyl spinor 
supersymmetry charges are deformed by quadratic terms in bosonic derivatives, 
Seiberg called it TV = ^ superspace. The constant R-R background considered 
in I2HI is allowed only in an euclidean signature. This is the stringy coun- 
terpart of the algebraic discussion in my paper justifying by a geometrical 
argument why superspace deformations involving nonzero fermion-fermion anti- 
commutators can only appear in an Euclidean signature. Deformed superspaces 
were also found to emerge in the uncompactified ten dimensional superstring 
when a constant R-R background and D-branes are present [221 ■ However, since 
this background is not an exact solutions to the string equations, but only to 
the linearized equations, it is not obvious that this deformation survives the 
zero-slope limit necessary to obtain the low energy D-brane dynamics. 

After the discovery that non(anti)commutative superspaces can be obtained 
from the superstring, a lot of efforts in the study of non(anti)commutative field 
theories have been done and many interesting properties of = ^ Wess-Zumino 
model and super- Yang-Mills theory have been elucidated. Different deforma- 
tions of theories with extended supersymmetry have been considered. The con- 
nection between deformed superspaces and supersymmetric matrix models has 
been elucidated. 

Up to now only constant R-R backgrounds have been considered. It would be 
interesting to study what happens in the more general, nonconstant case. A first 
step in this direction has been taken in my paper |32| . written in collaboration 
with P.A. Grassi, where superstring vertex operators for linearly x-dependent 
R-R field strength have been computed. These objects are the main ingredi- 
ent to generalize the string analysis presented in [21] to the nonconstant case. 
Linearly a;-dependent R-R backgrounds are expected to be related to a spe- 
cial kind of superspace deformation, with a Lie algebraic structure where the 
anticommutator between two fcrmions gives the bosonic coordinate. This can 
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be interpreted by saying that spacetime bosonic coordinates have a fermionic 
substructure. In these terms, this issue was investigated in |33| . 

Now I would hke to go back to the main theme unifying my work, the 
implementation and implications of symmetries in noncommutative theories. 
Up to know I have discussed how I approached the problem of deformation of 
supersymmetric theories and the developments that followed my work, in both 
field and string theory. 

In two papers of mine |SElEZ|j I considered instead the problem of construct- 
ing the noncommutative generalization of field theories possessing an infinite 
number of conserved local symmetry charges, i.e classically integrable. As it 
is well-known, in the commutative case the underlying symmetry structure of 
these theories has strong implications on their dynamics. In particular, two di- 
mensional integrable theories have a factorized S-matrix and particle production 
does not occur. Most ordinary integrable theories in two and three dimensions 
have been shown to be related to a four dimensional theory, selfdual Yang-Mills, 
from which they can be obtained by dimensional reduction. The S-matrix of 
selfdual Yang-Mills also displays a peculiar property, all tree-level amplitudes 
beyond three-point being vanishing. This property has been used as a definition 
of integrability in four dimensions. Selfdual Yang-Mills is related to the N ^ 2 
string, characterized by an iV = 2 worldsheet supersymmetry. It has been 
proven that tree-level N — 2 string dynamics coincides with selfdual Yang-Mills 
theory. 

The N = 2 string can be coupled to a constant NS-NS background. In 
the presence of D-branes it has been shown that the low energy limit of the 
brane dynamics can be described by noncommutative selfdual Yang-Mills the- 
ory. Therefore, given an ordinary integrable two-dimensional field theory, one 
can first try to construct a noncommutative deformation that preserves classical 
integrability, in the sense of having an infinite number of conserved local charges 
(local in the sense that they are not written in terms of integrals). Then one 
can check if the usual S-matrix properties are still valid after the deformation. 
This is not obvious, since noncommutativity introduces nonlocality in the theory 
and, in the two-dimensional case, this necessarily affects the time coordinate, 
causing in general an acausal behavior and the breakdown of unitarity. Fur- 
thermore, one can investigate whether the theory can be obtained by reduction 
from noncommutative selfdual Yang-Mills, or even use this method to construct 
the two-dimensional theory in the first place. 

Another interesting issue is the study of solitons solutions. Commutative 
integrable theories usually display this kind of solutions. Noncommutative the- 
ories have new soliton solutions disappearing in the commutative limit, that 
exist thanks to the nonlocality introduced by Moyal product. Therefore, non- 
commutative integrable theories are an interesting setting to study both kinds 
of solitons. Noncommutative solitons are a field theory realization of the D- 
branes that are present in the string theory from which they have emerged in 
the low energy limit, thus the study of noncommutative solitons can give clues 
on D-brane dynamics. 
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In 127] , all these issues have been studied in the special case of the sine- 
Gordon model. This is an integrable two-dimensional field theory, describing 
the dynamics of a scalar field selfinteracting through an oscillating potential. 
Apart from the many general nice properties related to its integrability, the 
sine-Gordon model also exhibits very nice renormalization properties. More- 
over, the ordinary sine-Gordon model is related to the Thirring model through 
bosonization. The relation between these two theories is a simple example of 
duality relating the weak coupling limit of a theory with the strong-coupling 
limit of the other. Bosonization has been studied in noncommutative geometry 
and it has been shown that the ordinary abelian U{1) case is modified in the 
noncommutative setting so that a free fermion is not related to a free scalar, 
but to a scalar governed by a U{1) WZW model. 

In f^, M.T. Grisaru and S. Penati have shown that an integrable non- 
commutative version of the sine-Gordon model can be constructed, where two 
equations govern the dynamics of a scalar (and generically complex) field. One 
equation reduces to the sine-Gordon equation in the commutative limit, the 
other vanishes in the commutative limit, has the form of a conservation law 
and in fact gives the first of the infinite conserved currents. This system does 
not seem to be overconstrained, since the class of its localized solutions is at 
least as large as the one in ordinary sine-Gordon. The doubling of the equations 
of motion is related to the fact that the U{1) factor in the noncommutative 
group U{n) does not decouple, in contradistinction to the ordinary case. Since 
commutative sine-Gordon theory is obtained from zero curvature conditions for 
gauge connections in SU{2) group, in the noncommutative case this has to be 
enlarged to U{2), which causes an additional equation of motion to appear. 

In my paper |3f)j . written in collaboration with M.T. Grisaru, L. Mazzanti 
and S. Penati, we showed that the equations describing this noncommutative 
version of the sine-Gordon model can be obtained by dimensional reduction 
from noncommutative selfdual Yang-Mills in Yang formulation. Unfortunately, 
an action cannot be obtained by an analogous reduction procedure. However, 
in , we found an action that gives the correct equations of motion. We then 
studied tree-level scattering amplitudes and found that acausality is present and 
the S-matrix is not factorized. Therefore, it seems that in general the presence 
of an infinite number of conserved currents is not sufficient for the S-matrix 
to be factorized in noncommutative case. We finally discussed the relation 
of our model with the noncommutative C/(l) Thirring model. The fact that 
dimensional reduction does not work at the level of action, but only at the level 
of the equations of motion, is a sign that the parametrization of the degrees of 
freedom we considered in is not the correct one. 

In [2Z], in collaboration with O. Lechtenfeld, L. Mazzanti, S. Penati and 
A.D. Popov, we considered a different noncommutative generalization of the 
sine-Gordon model, that is also obtained by dimensional reduction from non- 
commutative selfdual Yang-Mills, by considering the U{1) x [/(I) subgroup of 
U{2). While in our first attempt to construct a noncommutative integrable sine- 
Gordon model we had modified the kinetic term of the ordinary theory to a C/(l) 
WZW-like term, while maintaining the usual cosine structure of the interaction 
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term, in this new noncommutative theory we modified also the interaction term 
structure, in a way that two real scalars parametrizing the U{1) x U{1) subgroup 
of U{2) are coupled by a nontrivial term. Again, the theory is described by two 
equations of motion. One of the two becomes trivial in the commutative limit, 
while the other one gives the ordinary sine-Gordon equation. 

Solitons solutions of this model have been studied by making use of the 
dressing method. Moreover, tree-level scattering amplitudes have been com- 
puted and proven to be factorized and causal, in spite of the presence of time- 
space noncommutativity. Therefore this second noncommutative version of the 
sine-Gordon model has inherited the nice classical properties of its ordinary 
counterpart. It would be interesting to move on to a quantum description of 
the model to study its renormalizability properties and to investigate whether 
integrability survives at the quantum level. 

A quite striking feature of the noncommutative sine-Gordon system we con- 
structed is that its tree-level amplitudes are completely independent of the 
noncommutativity parameter. It would be interesting to understand why this 
happens, for instance if this is a general feature of noncommutative integrable 
systems or a peculiar property of the sine-Gordon model. Another aspect that 
still needs to be investigated is the relation of this U{1) x U{1) theory with 
noncommutative fermions models. Somehow it would be more natural to see 
what happens in the bosonization of U{2) fermion models and then consider a 
reduction to U{1) x U(l). Another possible development would be the study of 
other kinds of duality in this system, for instance T-duality. 

As I anticipated when discussing the superstring theory origin of the de- 
formed superspaces I introduced in )2fi| . the covariant formulation for the su- 
perstring has been proven to be superior in dealing with many string issues 
that were not treatable with the other known formalisms. In particular this 
was true for deformed superspaces, that were shown to arise in the presence of 
R-R backgrounds. These cannot be dealt with when using the RNS formalism, 
while they can be treated with the GS formalism, that however is quite clumsy 
because of the lack of manifest Lorentz covariance. Because of this connection 
with the work I did in the field of noncommutative geometry, I started to study 
this formalism. As I previously said, to generalize the results of |27II28[I^ to a 
more general, nonconstant background one needs to determine the correspond- 
ing vertex operator first. This is not an easy task in the covariant formulation, 
since the great amount of manifest symmetry makes the formalism redundant. 
The vertices are written in terms of superfields that have to satisfy the linearized 
supergravity equations of motion. 

In my paper j32j. written in collaboration with P. A. Grassi, we described 
an iterative procedure to compute the vertex operators in terms of the physical 
fields only. To do this a suitable gauge fixing must be imposed that removes 
the auxiliary fields from the vertices. We used this technique to compute the 
vertices for linearly x-dependent R-R field strength that may be related to a 
Lie-algebraic deformation of superspace, as I already said, but we also discussed 
other two applications of our analysis that are a little bit out of the path, having 
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no direct connection to noncommutative geometry. We showed how an off-shell 
formulation of the superstring vertices can be constructed, how the correspond- 
ing equations of motion are a deformation of the usual superfield constraints 
and how the gauge fixing necessary to implement our iterative procedure can 
be applied to this case. The motivation for this discussion relies in the fact that 
a propagating closed string emitted from a D-brane has to be off-shell. The 
off-shell vertex operators couple the R-R potential (and not the field strength) 
to the worldvolume of the brane. In our discussion, we showed that the vertices 
wc! obtain explicitly contain the R-R potential. Therefore our analysis could be 
useful in the study of D-brane dynamics in the covariant formalism. Finally, we 
used our framework to determine the antifield equations of motion and to make 
a proposal for the kinetic term of closed superstring field theory. Since this ki- 
netic term is written in superspace formulation, the first thing one should now 
do to make nontrivial checks about its properties is to rewrite it in component 
formulation. 

To conclude, in my work I have mostly investigated the way one can imple- 
ment noncommutativity in theories with a special symmetry structure, such as 
supersymmetric and classically integrable theories. Requiring the symmetries 
to be preserved in the noncommutative deformation is a strong constraint that 
allows to make a selection between the many possibile noncommutative versions 
of the same theory. 

In the case of integrable theories, I explicitly discussed the case of the sine- 
Gordon theory and eventually found its noncommutative generalization that 
has infinite conserved currents and also displays all the nice features that in 
ordinary theories are implied by the symmetry structure, such as factorization 
of the S-matrix. However, many issues still have to be investigated, such as for 
instance the connection between the noncommutative sine-Gordon system and 
U (2) fermion models and the reason for the complete absence of a dependence 
on the noncommutativity parameter in the tree- level amplitudes. 

In the case of supersymmetric theories, I constructed superspace deforma- 
tions that preserve supersymmetry, are associative and respect the usual spinor 
reality properties. The connection between the deformations I found and su- 
perstring theory in the presence of R-R backgrounds, described in the covariant 
formalism, has led me to deepen my knowledge of this formulation of super- 
string theory. Even if this might seem constructed "ad hoc" , without a strong 
underlying principle, it is the first superPoincare covariant formulation of the 
superstring that works and it has already proven to very suitable to handle 
R-R backgrounds and to prove general theorems about superstring amplitudes. 
Since the computation of superstring vertex operators is not an easy task in the 
covariant formalism, I provided a recursive technique to compute the vertices in 
terms of physical fields only. This analysis of vertex operators has many possible 
applications. I discussed applications to the computation of superspace defor- 
mations in the presence of nonconstant R-R backgrounds, to the computation 
of vertices in the off-shell formulation, that arc useful in the study of D-branc 
dynamics, and to the construction of kinetic terms for a closed superstring field 
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theory. Since the covariant superstring in the presence of NS-NS backgrounds 
has not been studied in detail yet, it would be very interesting to perform an 
analysis of the string origin of noncommutative geometry in this formalism. In- 
deed, since NS-NS and R-R backgrounds are treated in a very "symmetric" way 
in this formulation of the superstring, this setting should be very useful to study 
S-duality. 
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Appendix A 

Conventions 



A.l Superspace conventions in d = 4 

In four dimensions, = 1 Minkowski superspace is described by a set of coordi- 
nates Z"^ = (a;"", 9", 9"), where a;"" = x— are the four bosonic real coordinates, 
while 9" (and 9" = {9")^) are complex two-component Weyl fermions. We use 
conventions of Superspace with (V'")^ = V'", ('0a )^ = — V'a- 
The supersymmetry algebra 

{Qa,Q/3} = {Qd,Q^}=0 

[Pa,n]=0 (A.l) 

with Qa = Qq, is realized by 



Qa — ^ ^C^d 2^ *9ad 

Under supersymmetry transformations a generic superfield V transforms accord- 
ing to SV = —i {e"Qa + V. In particular, the action on the superspace 
coordinates defines supertranslations 

= -I (e"Q„ e^Qi) = e'^ (A.3) 
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Covariant derivatives with respect to (jA.3|l are Da = (^a,^d,9aa) where 

z — ■ — — z 

Da — da + -0°'daa , Da = da + -0°' daa 

daa = -t{Da,Da} (A.4) 

Moreover, they satisfy {Da, Dp} = {Da,D^} = and anticommute with the 
generators of supersymmetry transformations. 

We can define left and right grassmannian derivatives according to the fol- 
lowing rules 

{dL)aO^ EE 'da0^ = Sj' , (9^)^^"^ ^ Oj^ = 5-^ 

{dR)a9^ = ef'da = -Sa^ , (9fl)d^"'^ = O^^B a = (A.5) 

Their action on a generic superfield is defined as 

OlV = ~dV , OrV EE V^d (A.6) 

Notice that these definitions hold independently of the nature of the superfield 
V. In particular, in the case of a spinorial superfield V/j we have (9jf)/iVg = 
Vf3 d A- As a consequence of the general definitions ljA.51 IA.61) we immediately 
obtain d^V = OrV for any tensorial superfield, whereas i9lV/3 — —duVp for any 
spinorial superfield. 
From the identities 

(daO^)'' = -e^ta , {dj^y = -e^'da 

(y°'e^y = e^'B'^ , (d'^e^y = e'^a'" (a.7) 

the hermitian conjugation rules for left and right derivatives follow 

{{dL)ay = -{dH)a , {dty^idnf (A.8) 

We can also introduce left and right bosonic derivatives which are simply 
given by 

idL)aax''^ = daaX^^ = Sj^Sf , {dR)aaX^^ = X^^"d aa = S£Sf (A.9) 

Their action on a superfield V is defined as = dV and OrV = V d . There- 
fore, from (|A.9|I . it easily follows that {dL)aaV — {dR)adV for any superfield. 

As a consequence of the previous identities, left and right covariant deriva- 
tives can be equally defined. Left covariant derivatives act on a generic superfield 
from the left as 

{DL)aV=DaV , iDL)aV = DaV (A.IO) 
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where Da and Da are explicitly given in (|A.4p . Right covariant derivatives are 
defined as acting from the right 



{Di^)aV = VDa = V{ da + ^da^t 



{Dii)aV = VDa = V[Da^ 9 ^ + - 9 



(A.ll) 



It is easy to check that D^V — DjiV on any tensorial superfield, whereas 
DlV/3 = —D}iVf3. Moreover, left and right derivatives are related by hermitian 
conjugation {{Dl),,)^ = -{Di^)a and {{DlT)^ = [Dr)^. ^ 

Defining the right momentum operator as {PRjaaV — —iVdaa, it is easy 
to show that the algebra of right derivatives is the standard one {Dr, Dr} — 
{Dr,Dr} = and {iDR)a, = {Pn^aa- Moreover 



[D^,Dj^] = = 



V = [PR)ac.V 

V = {PL)c.aV 



(A.12) 



for any tensor superfield. When the commutators are applied to a spinor Vg, a 
minus sign appears on the r.h.s. of the last two identities due to the anticom- 
mutation of the spinorial derivatives with Vg. 

Following the same procedure one can equally define left and right super- 
symmetry generators as {Ql)aV = QaV and 



{QR)aV = VQa = V 
iQR.)aV = VQa = V 



-i{ da - ■^daaO°' 



da- -^daaO" 



(A.13) 



The algebra of right generators is again given by (|A.ip . The algebra of the 
commutators on a tensor superfield is 



Qa,Qa\ V = {PlUV 
V = {PR)ac.V 



(A.14) 



Instead, when the commutators act on spinor objects we get a change of sign 
on the r.h.s. of the last two equalities. 



In euclidean signature a reality condition on spinors is applicable only in the 
presence of extended supersymmetry. In the simplest case, N = 2 euclidean 
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superspace, the two-component Weyl spinors satisfy a symplectic Majorana 
condition 

{ofY = ei = c'^e^Cf,^ , (r^O* = = o^^Jc^^c^i (A.15) 

with C^^ = — C12 = i. The choice of covariant derivatives and supersymmetry 
charges is the obvious generalization of the N = 1 Minkowski case. 



A. 2 Superspace conventions in = 10 

We describe Minkowski ten dimensional N = 2 superspace by the coordinates 
{x™ ,6°' ,6^). Depending whether one is in type IIA or IIB case, the spinors 6°' 
and 9^ have opposite or same chirality. 

In ten dimensions with Minkowski signature one can use Dirac matrices 
r™ = {/ (g) {iT2), (t'* Ti, X <?> Ti}, where m = 0, . . . , 9 and /x = 1, . . . , 8. Tj, 
i = 1,2,3 arc the Pauli matrices, cr^ arc eight real symmetric 16 x 16 off- 
diagonal Dirac matrices in d = 8 with euclidean signature, while x is the real 
16 X 16 diagonal chirality matrix in d = 8. The chirality matrix in d = 10 
with Minkowski signature is then / (g) and the charge conjugation matrix C, 
satisfying CT™ = — (r'")^C, is numerically equal to r°. 

If one uses spinors = {aL,pR} with spinor indices a1 and f^j^j, the index 
structure of the Dirac matrices and the charge conjugation matrix is 



C= " (A.16) 





where (T™ = {7,(7'', x} and ct™ = {—I,a'^,x}- The matrices c^^ and c'^^ are 
numerically equal to /lexie and — /lexie, respectively. The matrices 7™ used 
in the text are given by 7"^"^ = c"^(cr'")'^'' and 7"_j = c^'^{a'^)p0. From now 
on and in the text dots are omitted. The spinors aL and Pr form inequivalent 
representations of 50(9, 1). Spin indices cannot be raised or lowered with the 
charge conjugation matrix, but cttc-a^ f^u, fj is Lorentz invariant. 

One finds that the 16 x 16 symmetric matrices 7^ and 7™"^ satisfy 

7^0^01 + llfil"^^^ = 2?7™"52 (A.17) 

and 

7™(a07")5 - (A. 18) 

which makes Fierz rearrangements very easy. 

Our conventions for d = 10 A'' = 2 superspace covariant derivatives and 
supersymmetry charges are 

Da = d& + ^{j"'0)adm , Q& = d&- \{l"'e)&dm , (A.19) 
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which satisfy 

D0} = 7™^a„ , {d&, i)^} = -y^^dm , D^}=0 
{D^,Q0} = O, {D&,Q0} = O. (A.20) 
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